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It is well known that the shape of particles is an important factor that de-
termines the fluid flow behavior of suspensions. Interactions of cubic particles
with one another and with the flow medium are unique because of their sharp
edges, corners and flat surfaces. Using theory, simulations and experiments,
the structure and flow properties of cube-shaped particles in suspension over a
range of volume fractions is studied to understand the effect of shape on fluid
structure and rheology.
At very low volume fractions, the sharp edges and corners of cubes are
found to profoundly alter the velocity field around the cube.The stresslet-strain
relationship for a cube is anisotropic and depends on the orientation of the cube
with respect to the velocity flow field. The effective viscosity of the suspension
in a simple shear flow is obtained by computing the orientationaly averaged
stresslet acting on cubes. These calculations yield a universal intrinsic viscos-
ity, [η] = 3.1 for sharp cubes, which is higher than the corresponding value
for spheres [η] = 5/2. Using the 2D velocity flow profile around sharp corners
we further find that the pressure becomes singular near the edges of the cube,
which results in the increased value of stress and hence the higher viscosity
when compared with spherical particles.
In the presence of an external torque acting on each cube, the orientation dis-
tribution is no longer isotropic. This can be achieved by using magnetic cubes
in magnetic field. The general expression for the stress in a suspension of mag-
netic cubes subjected to linear velocity field in presence of an external magnetic
field is calculated. We find that the intrinsic viscosity for the weakly Brownian
suspension in a simple shear flow can be varied between [η] = 3.25 to [η] = 5.5
by changing the strength and the direction of the applied magnetic field.
At low to moderate volume fractions, Brownian dynamics simulations were
carried out to study the structure and flow behavior of suspensions. Simula-
tions were performed over a wide range of volume fractions and Pe to study
its rheological properties. Our equilibrium results show that cubic particles be-
have like spheres interacting with a soft repulsion potential function for volume
fractions less than 0.25. This soft repulsion potential captures the orientationally
averaged excluded volume of the cubes and produces identical probability dis-
tributions as that of for cubes at very low volume fractions. For higher volume
fractions, cubic particles starts to lose their orientational freedom resulting in
the deviation of equilibrium properties from that of soft spheres. We also found
that suspension of cubic particles when subjected to simple shear will produce
higher viscosity when compared with spherical particles in suspensions with
equivalent volume. We show that the suspension rheology in this regime can be
discussed in terms of ordering and collisions among hard cubic particles.
In order to gain insights from experiments, cubic particles of varying sizes
(10nm to 5 micron sized cubes) and chemistries (PbTe,Fe3O4 and MnCO3) were
synthesized. Polymer brushes were also attached on the surfaces of PbTe and
Fe3O4 nanocubes to characterize the effect of particle surface chemistry on flow
behavior. MnCO3 spherical particles of similar sizes as that of MnCO3 cubes were
also synthesized and their suspension behavior studied to empirically charac-
terize the effects of shape. A key result from this study is that irrespective of
the cube size, size distribution, and surface chemistry, the intrinsic viscosity([η])
for cube-shaped particles is [η] = 3.1 ± 0.2 which agrees well with the value
estimated from theory.
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CHAPTER 1
INTRODUCTION
Suspensions are important in a large number of applications and in a variety
of natural and industrial settings. Examples include handling and transporta-
tion of solid particulates and in manufacturing processes such as food process-
ing, ceramics and paints. The flow behavior is often complex and depends on
many factors such as the shape, size and concentration of particles, shear rate
and medium viscosity. This work deals with understanding the importance
of shape of the particle on the transport properties of suspensions. Currently,
nanoparticles in a spectrum of sizes, shapes, mass distributions (e.g. hollow, rat-
tles, core-shell), and chemistries are routinely synthesized using a growing set
of wet chemistry approaches: sol-gel, solvothermal, ionothermal, soft and hard
templating, to name a few. It is now possible to synthesize particles in vari-
ety of shapes, including tetrahedrons, cubes, rods, polyhedrals and non-convex
shapes[1, 2, 3, 4] in bulk quantities.
Since Einstein[5] developed a theoretical expression for the viscosity of di-
lute suspension of spherical particles, a large number of studies have concen-
trated on theoretical prediction and experimental evaluation of transport prop-
erties of suspensions[6, 7, 8, 9]. For the most part, these studies have been re-
stricted to spherical particles and axisymmetric particles such as ellipsoids, rods
and discs in the medium[10, 11]. The effect of the shape of the particle is still
not very clearly understood. The goal of my research is to develop more in-
sights into this dependence. We restrict ourselves to cube shaped particles since
they form an ideal geometry with sharp corners, edges, flat surfaces and yet no
aspect ratio. We study the rheological properties of cubic particle suspensions
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both using numerical simulations and experiments. We have synthesized cubic
particles of various sizes and chemistries to study the flow behavior experimen-
tally.
In the second chapter of my research, we analyze the distinct geometric
properties of cube and define a fourth order tensor to define its symmetry prop-
erties. We have calculated the velocity profile of the fluid past a fixed cube
using multipole and finite element method. The problem was solved for three
imposed velocity fields: 1) constant velocity (vi) at infinity 2) constant angular
velocityω at infinity (vi = i jkωir j) and 3) planar extensional flow field (vi = Ei jr j).
Here ri is any position vector. In multipole method, the velocity profile around
a cube is written using multipole series expansion with unknown coefficients.
Assuming that the contribution of higher ordered terms are negligible, the num-
ber of terms in the expansion are truncated to O( 1r5 ) for constant velocity field
problem and O( 1r4 ) for extensional velocity field problem. Appropriate bound-
ary conditions are applied to obtain these unknown coefficients. The obtained
velocity profile is then used to calculate the stress acting on an isolated cube
near the interface between the particle and fluid. This is in turn used to calcu-
late some of the basic properties such as drag force, torque drag and stresslet
on a cube in constant flow, rotational and planar extensional fields respectively.
In the finite element method, a cube is placed at the center of another cubic
enclosure and the region is meshed with many grid points. Required velocity
conditions are imposed on the walls of the enclosure to generate the flow field
in the medium. Since the disturbance velocity field due to the presence of walls
produces an O(( aH )
3) scaling (H and a are the side lengths of the enclosure and
the cube respectively), we obtain the results for various H/a and extrapolate the
results for the infinite enclosure. The results from multipole series expansion
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and finite element method are compared to validate the assumption that the
higher order terms are negligible.
In the third chapter, we developed a theoretical expression for the viscos-
ity of dilute suspension of cubic particles. We calculate the intrinsic viscosity,
which measures the intrinsic ability of cubic particles to increase the viscosity.
It is defined as the limit of the ratio of the fractional increase in viscosity to the
volume fraction as the volume fraction goes to zero. Unlike spherical particles,
intrinsic viscosity for cubic suspensions also depends on the orientation of each
cube in the suspension. When there are no external forces/torques acting on
hard cubic particles, the orientation distribution is isotropic. We calculate the
dependence of viscosity as a function of the orientation of the cube and is ori-
entationally averaged to get the bulk viscosity of the suspension. We solved
the finite element solution of simple shear flow around an isolated cube for two
specific orientations. Using the symmetry of the cube and the solutions for two
specific orientations, we obtain the stresslet and the viscosity for any orienta-
tion of the cube. Geometric properties like the sharp edges and corners affect
flow profile around the cube. In the finite element method, the sharpness of the
edges and corners can be varied using the grid spacing on the surface of the
cube. The stresslet acting on the particle was found to increase with the sharp-
ness of the cube. A theoretical scaling for this increase was predicted using the
2D flow profile around edges. The results for the stresslet were fitted with this
scaling to obtain the results for cubes with sharp edges and corners. The sus-
pension viscosity, ηe f f , in the limit of zero shear rate can be obtained from the
orientational average of the stresslet acting on the cube, yielding a prediction of
ηe f f = η0(1 + 3.1φ). Here η0 is the solvent viscosity, φ is the volume fraction of cu-
bic particles in suspension and the coefficient 3.1 is the intrinsic viscosity [η] for
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cubes. The calculated value of [η] for cubes is larger than the computed value
for spheres ([η] = 5/2). To validate our prediction using experiments, we have
synthesized cube-shaped particles of various sizes, chemistries and measured
their rheological properties in dilute suspensions. Experimentally, we have syn-
thesized three different systems, lead telluride nanocubes (PbTe, 10nm) iron ox-
ide nanocubes (Fe3O4, 20nm) and (Fe3O4, 100nm) as model hard cube particles.
Polymer brushes were attached on the PbTe and Fe3O4 cube surfaces to charac-
terize the effect of particle surface chemistry on flow behavior. These particles
were suspended in polyethylene glycol (PEG, MW 250) and their intrinsic vis-
cosity was measured. We found that irrespective of cube size, size distribution
and surface chemistry, the intrinsic viscosity was [η] = 3.1 ± 0.2, which is in
excellent agreement with the theory.
When there is no external torque acting on the cubes, the dependence
of stress on orientation is not apparent since the orientation distribution is
isotropic. In the next chapter, we introduce anisotropy in orientation distri-
bution, by studying the viscosity of dilute suspension of magnetic cubes in an
external magnetic field. When a uniform external magnetic field is applied on
the suspension, each cube experiences a net external torque whenever the mag-
netic dipole moment of the cube is not aligned with the applied magnetic field.
The competition between the viscous torque and the magnetic torque will result
in anisotropic orientation distribution. The degree of anisotropy was varied by
changing the direction and the magnitude of the applied magnetic field and its
effect on the viscosity was studied. We have calculated the general expression
for the stress in the dilute suspension of magnetic cubes in presence of magnetic
field, subjected to linear shear flow field. We have also obtained specific numer-
ical results for the intrinsic viscosity of the suspension in a simple shear flow,
4
when the magnetic field is either parallel or perpendicular to the fluid vorticity
vector. When the magnetic field is perpendicular to vorticity, we find that the
intrinsic viscosity increases at first with increasing shear rate. It passes through
a maximum and then shear thins. The intrinsic viscosity can vary from 3.25 to
5.5 in response to changes in the relative strengths of the shear and magnetic
fields. The maximum value of 5.5 for the intrinsic viscosity was obtained, when
the magnetic moment of the cube, which is parallel to one of the normals is in
the flow gradient plane and is aligned at an angle of pi/4 to the flow direction.
The minimum value was obtained when the magnetic moment if parallel to the
fluid vorticity.
The chapter five of my thesis is related to the flow behavior of cubic particle
suspensions at low to moderate concentrations. Brownian dynamic simulations
for hard cubic particles in a suspension were carried out to understand stresses
in the medium for both equilibrium and sheared suspensions. These numerical
simulations include contact stresses developed between two randomly oriented
cubes colliding with each other. Inter-particle hydrodynamic interactions were
not considered in these simulations. Instead, the anisotropic stress-strain rela-
tionship developed for a isolated cube was used to calculate the hydrodynamic
stress in the suspensions. Simulations are performed over a wide range of vol-
ume fractions φ and Peclet numbers (Pe). Using radial distribution functions,
osmotic pressure, viscosity, normal stresses, the structure and rheological prop-
erties of these suspensions was studied. Comparisons were made with the cor-
responding properties of spherical particles in suspension to study the influence
of sharp edges, corners and flat surfaces.
In chapter six, we measure the rheological properties of cubic particles in
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suspensions. We discuss the procedures used to synthesize cubic particles of
various chemistries. We have used iron oxide (Fe3O4, 100nm) and MnCO3 mi-
crocubes to study the rheology at low to moderate volume fractions. MnCO3
spherical particles of similar sizes were also synthesized and their suspension
behavior studied to empirically characterize the effects of shape. The rheolog-
ical measurements at dilute and moderate volume fractions were correlated
with the theory and simulations. We found that Fe3O4 cubic nanoparticles
show shear thinning behavior due to inter-particle magnetic interactions, while
MnCO3 microcubes show Newtonian behavior up to volume fraction (φ) of 0.3.
The second order correction, which is the coefficient of φ2 for the relative vis-
cosity was measured as 6.54, which is close to that of the value for spherical
particles in suspensions [12].
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CHAPTER 2
RESISTIVITY FOR AN ISOLATED CUBE IN A LINEAR FLOW FIELD
The goal of this chapter is to understand the unique symmetric properties
of a cube and calculate some of the basic properties such as the translational
and rotational resistivities for a cube. We know that the translational resistivity
(Rst ) for a sphere with radius a in a medium of viscosity η is given by Rst = 6piaη
and the rotational resistivity (Rsω) is Rsω = 8piηa3. It is a common practice to ap-
proximate any shape with a sphere of equivalent diameter. The resistivity for
a cube is generally approximated as the resistivity of a sphere with an equiva-
lent diameter that has same volume as the cube. This leads to the translational
(Rt) and rotational resistivities(Tω) for the cube as Rt = 11.68aη and Rω = 6ηa3.
These equations are generally used to calculate the approximate size of particles
using dynamic light scattering experiments. However, accurate results for the
cube resistivities to our knowledge are not available in the literature. In order to
calculate the resistivities accurately, we begin by calculating the flow properties
past an isolated cube in an external linear flow. The velocity profiles in the fluid
is solved for two cases: 1) constant velocity at infinity and 2) constant rotational
field at infinity. The velocity profile was calculated using both multipole and
finite element method for the first case and only finite element method for the
second case. The velocity profiles were then used to calculate the stress acting at
the interface between the particle and the fluid. The drag force and torque drag
acting on the cube for the respective cases are calculated from stress. Transla-
tional and rotational resistivities are the coefficients for the net force and the net
torque on the cube.
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2.1 Geometric properties of a cube
Cube is a platonic solid bounded by six square faces. Firstly, we wish to capture
the symmetry properties of the cube mathematically by defining cube specific
symmetric tensors. The defined tensor should adhere to the cubic symmetry op-
erations which leave a cube invariant. Let us assume that a unit cube is placed
in an arbitrary cartesian reference frame. For simplicity, let us define three nor-
mal vectors perpendicular to the adjacent sides of the cube, ni,mi, pi though only
two of the three vectors are sufficient to describe its orientation as shown in the
figure 2.1. The property tensor, that defines the orientation of the cube must be a
function of the above three vectors. The symmetry of the cube dictates that this
property tensor should be an even function of ni,mi, pi, since interchanging ni,mi
or pi with −ni,−mi or −pi does not change its orientation. Similarly, it should be
symmetric in ni,mi, pi (i.e ni,mi, pi are interchangeable with each other).
The second order symmetric tensor, which satisfies the above conditions is
δi j = (nin j + mim j + pip j) (2.1)
Since, ni,mi, pi are orthonormal, δi j is the identity tensor. Similarly, we can define
two fourth order symmetric tensors which satisfy the symmetry properties of a
cube:
Ai jkl = (nin jnknl + mim jmkml + pip jpkpl) (2.2)
Bi jkl = (nin j + mim j + pip j)(nknl + mkml + pkpl) (2.3)
+(ninl + miml + pipl)(nkn j + mkm j + pkp j)
+(nln j + mlm j + plp j)(nkni + mkmi + pkpi)
Simplifying the above equations, we get
Ai jkl = δi jkl = 1, for i = j = k = l; (2.4)
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= 0, otherwise
Bi jkl = δi jδkl + δikδ jl + δilδ jk (2.5)
Bi jkl is a fourth order isotropic tensor which also satisfies other more symmetric
shapes such as spheres. However, δi jkl is a fourth order tensor, which is specific
to the cubic symmetry. Similarly, we can extend the analysis and obtain higher
order tensors which satisfy the cubic symmetry. For example, the sixth order
cube specific symmetry tensors are:
αi jklqr = δi jklqr
βi jklqr = δi jklδqr + δi jqrδkl + δklqrδi j + δi jkqδlr + δi jkrδql (2.6)
+ δi jqlδkr + δi jrlδkq + δiqklδ jr + δirklδq j + δq jklδir
+ δr jklδqi + δk jqrδil + δikqrδ jl + δ jlqrδik + δilqrδk j
The velocity profile around an isolated cube should be a function of these
symmetry tensors. Similar symmetry tensors were used previously in defining
the cubic symmetry in problems with periodic suspensions. [1] [2] [3]
2.2 Velocity profile around a cube using multipole series ex-
pansion
The equations of motion governing the fluid motion for steady flow past any
object at low Reynolds number is given by incompressible Stokes equations.
∇p = ∇2u (2.7)
∇.u = 0 (2.8)
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Figure 2.1: Orientation of a cube is defined by the three normal vectors ni,mi, pi
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The general solution for velocity (ui) and pressure(p) at any point in the fluid
is given by the infinite multipole series expansion [4], [5]
ui =
∂
∂ri
Φ + i jk
∂
∂r j
χk + A j.Ji j + B jk
∂
∂rk
Ji j +C jkl
∂
∂rk
∂
∂rl
Ji j + D jklm
∂
∂rk
∂
∂rl
∂
∂rm
Ji j + ...
p = AiKi + Bi j
∂
∂r j
Ki +Ci jk
∂
∂r j
∂
∂rk
Ki + ... (2.9)
Φ = AΦ
1
r
+ BΦi
∂
∂ri
1
r
+CΦi j
∂
∂ri
∂
∂r j
1
r
+ ...
Ji j =
1
8piµ
(
δi j
r
+
rir j
r3
)
Ki =
1
4pi
ri
r3
(2.10)
Here, Ji j is the free-space Greens function, known alternatively as the Stokeslet
or Oseen tensor. The tensor variables A j, B jk,C jkl,D jklm, AΦ, BΦi ,C
Φ
i j are evaluated
based on the flow and boundary conditions.
Consider an isolated cube in an externally applied uniform linear flow field.
We use the above described solutions to obtain the pressure and velocity in
the fluid. Since tensors are our friends, the unknown variables in the general
solution should be only dependent on the symmetry tensors of the cube and the
external flow field conditions. We exploit this relation and simplify the terms
in the multipole series and finally truncate it to obtain the approximate velocity
profile around the cube. This velocity profile is then used to calculate other bulk
properties such as force, torque, stress and stresslet acting on the whole cube.
2.3 Translational and rotational resisitivies for a cube
We solve for the velocity profile around an isolated cube moving with a constant
velocity (vi) in a infinite quiescent fluid medium of viscosity η0. The unknown
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tensor variables in the multipole series should be only dependent on the fol-
lowing tensors: 1) vi 2) δi j, 3)δi jkl, 4) αi jklqr, 5) βi jklqr and other higher order cubic
symmetry tensors. Furthermore, due to the linearity of Stokes equation, the ve-
locity profile around the cube should be a linear function of vi. Since the even
ordered tensor variables such as Bi j, Di jkl cannot be expressed in terms of the
above defined tensors, they should be equal to zero. The odd order tensor vari-
ables can be expressed as:
A j = λ1v j (2.11)
C jkl = λ2(v jδkl + vkδ jl + vlδ jk) (2.12)
E jklmn = λ3(v jδklmn + vkδ jlmn + vlδk jmn + vmδkl jn + vnδklm j)
+ λ4(v j(δklδmn + δknδml + δkmδnl) + vk(δ jlδmn + δ jnδml + δ jmδnl)
+ vl(δk jδmn + δknδmj + δkmδn j) + vm(δklδ jn + δknδ jl + δk jδnl)
+ vn(δklδmj + δk jδml + δkmδ jl)) (2.13)
BΦi = λ5v j (2.14)
DΦi jk = λ6(v jδkl + vkδ jl + vlδ jk) (2.15)
The unknown scalar variables λ1, λ2, λ3, λ4, λ5, λ6 are evaluated by applying
the no slip boundary conditions on the surface of the cube.
ui = vi, on the surface of the cube (2.16)
= 0, at infinity (2.17)
We assume that the higher order terms in the infinite series are negligible
and the solution for the velocity is truncated to O(1/r5). Therefore, the velocity
and the pressure profiles are given by
ui = A j.Ji j +C jkl
∂
∂rk
∂
∂rl
Ji j + E jklmn
∂
∂rk
∂
∂rl
∂
∂rm
∂
∂rn
Ji j + BΦi
∂
∂ri
1
r
+ DΦi jk
∂
∂ri
∂
∂r j
∂
∂rk
1
r
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p = AiKi +Ci jk
∂
∂r j
∂
∂rk
Ki + Ei jklm
∂
∂r j
∂
∂rk
∂
∂rl
∂
∂rm
Ki (2.18)
Equations 2.12 through 2.16 expresses the variables Ai,Ci jk, Di jklm, BΦi and C
Φ
i jk
using unknown scalar variables: λ1, λ2, λ3, λ4, λ5 and λ6 . Since we have trun-
cated the multipole series, we apply a relaxed boundary condition to calculate
the scalar unknown variables:∫
ui
dui
dλ j
dA =
∫
vi
dui
dλ j
dA, for j = 1, 2, 3, 4, 5, 6 (2.19)
The integration is carried out over the surface of the cube. After solving these
equations, we find that λ1 = 9.2; λ2 = 0.07; λ3 = 1.5; λ4 = 2.2; λ5 = −0.075; and
λ6 = −0.075.
The stress in the medium is then calculated from the velocity profile. [6]
σi j = −pδi j + η0(∂ui
∂r j
+
∂u j
∂ri
) (2.20)
Net force acting on the cube is obtained by integrating the stress over the
surface of the cube.
Fi =
∫
σi jn jdA (2.21)
Substituting the values of λ1, λ2, λ3, λ4, λ5, and λ6, we find that the force acting
on the cube is given by
Fi = 12.4aηvi (2.22)
We have also used finite element method to calculate the velocity profile
around the cube. In this problem, we solve for the velocity profile around a
stationary cube in a constant velocity field. COMSOL was employed to solve the
Stokes equations of motion in the fluid around a cube of side length a centered
in a cubic simulation cell of side length H. The region was meshed with many
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grid points and constant velocity boundary conditions were imposed on the
external walls of the cell. The velocity profile around the cube is shown in the
figure 2.2. Integration of stress over the surface area of the cube yields the force
acting on it. The finite domain size produces a fluid velocity disturbance which
scales as (a/H)2. The value of force was calculated by extrapolating to a/H → 0.
The force acting on the cube was found to be:
Fi = 13.94aηvi (2.23)
Similarly, we calculate the torque on an isolated stationary cube placed in
fluid which rotates with a constant angular velocity (ω) (vi = i jkω jrk). Following
the similar procedure used to calculate force, velocity profile was obtained using
COMSOL by fixing a cube of side a at the centered of a cubic simulation cell
of side H and imposed velocity boundary conditions are applied on the walls.
Even for this case, the fluid velocity disturbance scales as (a/H)2 and so the
results were extrapolated for (a/H) → 0. Figure 2.3 shows the velocity profile
in the fluid near the surface and it the mid-plane of the cube. The magnitude of
torque acting on the cube is given by
Ti =
∫
iklrkσl jn jdA (2.24)
We found that the torque acting on the cube fixed in a rotational flow field is
Li = 7.39a3η0ω (2.25)
Here η is the viscosity of the medium and ωi is the imposed angular velocity.
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2.4 Conclusions
The value of translational resistivity was found as Rt = 12.4aη from multipole
series and Rt = 13.94aη from finite element method. The value of rotational resis-
tivity was found to be Rω = 7.39a3η from finite element method. Assuming that
the cube is a sphere with equivalent diameter, we get the diameter of the sphere
as 1.24a. Therefore the translational and rotational resistivities based on this
diameter are Rt = 11.68aη and Rω = 6a3η. This approximation under estimates
the translational diffusvity by 15% and about 18% for rotational diffusivity. The
discrepancy in these values may be because of the presence of sharp edges in
the cubes which leads to singular stresses around it. Using the values of resis-
tivities, the translational tracer diiffusivity (Dt) and rotational tracer diffusivity
(Dω) can be evaluated with the help of Stokes- Einstein equation [7].
Dt =
kT
Rt
=
kT
13.94aη
(2.26)
Dω =
kT
7.39a3η
=
kT
7.39a3η
(2.27)
The tracer diffusivities and resisitivities are used as inputs in the Brownian dy-
namics simulations.
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Figure 2.2: Velocity profile around the cube in a constant velocity field evaluated
using COMSOL. The streamlines are plotted at the center plane of
cube.
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Figure 2.3: Velocity profile around a stationary cube placed in a constant angu-
lar velocity field. The streamlines are plotted for the center plane
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CHAPTER 3
INTRINSIC VISCOSITY OF A SUSPENSION OF CUBES
3.1 Abstract
We report on the viscosity of a dilute suspension of cube-shaped particles. Ir-
respective of the particle size, size distribution and surface chemistry, we find
empirically that cubes manifest an intrinsic viscosity [η] = 3.1 ± 0.2, which is
substantially higher than the well-known value for spheres, [η] = 2.5. The
orientation-dependent intrinsic viscosity of cubic particles is determined the-
oretically using a finite element solution of the Stokes equations. For isotropi-
cally oriented cubes, these calculations show [η] = 3.1, in excellent agreement
with our experimental observations.
3.2 Introduction
There has been an upsurge in recent interest in understanding how the shape,
size, surface topology and chemistry of nanoparticles influence their assembly
[1][2]. This interest is sustained by the promise such assemblies offer for cre-
ating novel particle-based, meta-materials in which particles, not atoms, are
the fundamental building blocks [3][4]. Many methods have been proposed to
synthesize particles in a variety of shapes, including tetrahedrons, cubes, rods,
polyhedrals and non-convex shapes[5, 6, 7, 8]. And, it is now feasible to produce
particles in bulk quantities[9] for many of these shapes. By varying the geomet-
ric and other attributes of the particles it is possible to manipulate electronic and
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optical properties of materials [10, 11, 12] for applications.
Using Monte Carlo and molecular dynamics simulations it has been shown
that shape plays an important role in both static and dynamic behavior of bulk
nanoparticle assemblies [13]. For example, molecular simulations of 2D square
shaped discs reveal self assembly to form tetratic and square crystal phases[13].
These results are notably different from experimental observations, where it
has been reported that Brownian square-shaped particles do not form tetratic
or square crystal phases, but instead assemble into a hexagonal rotor crystal
phase or a rhombic crystal phase [14]. Molecular simulations by Avendano et.
al., [15] show that slight rounding of the squares used in experiments are the
source of the discrepancy. In particular, it was shown that the particles will
self-assemble to form observed phases if the radius of curvature of the corners
non-dimensionalized by the cube length is more than 0.165. There are few easily
measurable properties that depend only on the shape of particles in a suspen-
sion, which would allow these subtle effects to be quantified apriori and their
potential effects on assembly diagnosed.
3.3 Synthesis of nanocubes and suspension characterization
The intrinsic viscosity [η] = limφ→0
η−ηs
φηs
, defined in the limit of zero volume frac-
tion φ quantifies the contribution that the suspended phase makes to augment
the viscosity ηs of the suspending phase and set the overall viscosity η. It is
related to the fluid resistance incurred in the shear flow around a single sus-
pended particle to maintain a bulk flow. The intrinsic viscosity therefore pro-
vides a simply measured physical quantity that can be used to diagnose even
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subtle features of the suspended particle shapes. Unlike commonly used tech-
niques such as transmission electron microscopy (TEM) and scattering which
can characterize particle shape from femtoliter and smaller volumes within a
bulk material, [η] is determined from bulk measurements and involves aver-
ages over very large numbers of individual particles.
To quantify the intrinsic viscosity of cube-shaped particles, PbTe hard cubes
were synthesized using a simple solution procedure [16]. The approach leads
to particles with a mean edge length of 9.5 nm with the distribution shown in
Figure 3.1. The particles have very high surface areas and would aggregate
without steric stabilization. PbTe particles were stabilized by oleic acid or poly-
mer brushes tethered to the particle surface. In order to study rheology, these
particles were suspended in a low molar mass polyethylene glycol (PEG, MW
400), which exists as a neat viscous liquid at 25 ◦C. Cone-and plate (50 mm di-
ameter, 5◦ gap angle) shear measurements in a Rheometrics Ares rheometer at
25 ◦C were used to characterize the shear viscosity of oleic-acid stabilized PbTe
particles in PEG over a wide range of particle volume fractions φ. Figure 3.1(b)
reports the relative viscosity, ηr = η/ηs as a function of φ for these suspensions.
It is apparent from the figure 3.1 that ηr = 1 + kφ over a rather broad range of
φ. This indicates that inter-particle interactions and other multibody hydrody-
namic effects are negligible at the measurement conditions. The linear slope
of the straight line fitted to the data yields [η] = 4.25 ± 0.4, which is evidently
substantially higher than the well-known result [η] = 2.5 for suspensions of
spheres. Because the PbTe cubes have oleic acid attached on their surface, the
effective particle volume fraction, φ, is larger due to the size of the oleic acid
brush. Assuming that the oleic acid chains are fully extended, the brush height
on the particles is 0.56 nm. The open symbols in Figure 3.1(b) are the relative
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Figure 3.1: a)TEM images of PbTe nanocubes and their size distribution; b) Rel-
ative viscosity as a function of volume fraction for PbTe cubes, the
closed circles represent cubes without size correction for the oleic
acid brush height and the open circles are for size corrected cubes
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viscosities obtained after correcting the size for the oleic acid brush. It is again
apparent from the plot that ηr is a linear function of φ. And, a straight line fit of
the relative viscosity versus φ data yields [η] = 3.1 ± 0.2, which is again higher
than the corresponding result for spheres.
To assess the generality of the observations made using the PbTe nanocubes,
cube shaped particles in a range of other chemistries were synthesized and their
intrinsic viscosity measured. Specifically, iron oxide (Fe3O4) nanocubes of two
different sizes 20 nm and 100 nm were synthesized to study the effect of size
and size distribution on intrinsic viscosity. A procedure described in [5] was
used for the synthesis of the 100 nm cubes and the procedure reported in [17]
was employed for the 20 nm cubes. The TEM images and size distribution of
these particles are shown in figure 3.2. Suspensions containing 1:1 volume mix-
ture of 20 nm and 100nm nanocubes at all volume fractions were also created
to study the effect of size polydispersity. In order to assess the effects of the
interactions between the polymer brush layer on the cubes and the suspending
medium, oleic acid and PEG brushes were used to stabilize the 100nm Fe3O4
nanocubes [18]. Figure 3.3 is the composite plot of ηr versus effective φ for all of
the suspensions studied. The height of the PEG brush is assumed to be 3 nm. It
is apparent from the plot that irrespective of the particle size, size-distribution,
and the chemistry of the chains used to impart steric stabilization, [η] = 3.1± 0.2
for cubes.
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3.4 Theoretical estimation of intrinsic viscosity
Einstein in his seminal paper determined how the introduction of spherical par-
ticles in a fluid increases its viscosity at low volume fractions [19]. He found
that the relative viscosity ηr is given by ηr = (1 + [η]φ) where [η] = 2.5, irrespec-
tive of the sphere sizes. To estimate the intrinsic viscosity for non-spherical
particles, Douglas et. al pre-averaged the orientationally dependent hydro-
dynamic stresses in a shear flow and related the polarizability to the intrinsic
viscosity[20]. Aragon et.al calculated the intrinsic viscosity by implementing
the boundary element method solution of the exact integral equation formula-
tion of the resistance problem [21]. We take a somewhat different approach for
computing the intrinsic viscosity for a suspension of cubes. The inherent sym-
metry in the cube is exploited to write the stress in terms of a fourth rank tensor
defined using Einstein index notation as δi jkl = 1, for i = j = k = l; 0, otherwise.
We then calculate the intrinsic viscosity for any orientation of the cubes and av-
erage it over all the orientations. An important advantage of this approach is
that it allows us to analyze the dependence on radius of curvature of edges and
corners for every orientation of the cube.
Our starting point is to compute the stress in a sheared fluid produced by a
single, isolated particle. We will take advantage of the fact that any shear flow
can be decomposed into purely rotational and purely straining/extensional
components. We will also focus on the limit of Stokes flow where the parti-
cle inertia is unimportant. Since the viscosity at the low volume fractions rel-
evant for computing [η] does not depend on the inter-particle interactions, the
average stress in suspension (< σ >) can related to the stresslet (S ) on an iso-
lated particle by < σ >= 2ηE = 2ηsE + nS [22]. Here, the stresslet is defined
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as S =
∫
1
2 ((σ · n)r + r(σ · n))dA Here r is the position vector measured from the
center of the cube and the integral is performed over the surface. In general, for
any non-spherical particle, this stresslet has two components: a hydrodynamic
stress acting on a torque-free particle and a Brownian stress due to Brownian
torques acting to restore the isotropy of the orientation distribution of particles.
Any extensional flow field can be written as a linear combination of planar ex-
tensional flow fields whose neutral directions are along three orthogonal axes.
Since a cube is stable in a planar extensional flow field with the neutral direction
along its normal, cubic particles will not experience any torque in an extensional
flow. Therefore, in the absence of an external torque, the particles are torque free
and rotate freely with the fluid vorticity and maintain an isotropic distribution.
As a result, the Brownian torque is zero and the intrinsic viscosity results solely
from the hydrodynamic stress caused by the extensional flow relative to the
cube.
The relationship between the stresslet and the strain rate for a non-spherical
particle in Stokes flow is linear but anisotropic and can be written as S i j = ηi jklEkl.
Here ηi jkl is a fourth rank viscosity tensor, which depends on the orientation of
the cube. Specifying the particle‘s orientation in terms of ni, mi and pi, the three
unit normal vectors to its faces, and taking advantage of the inherent symmetry
of the cube, ηi jkl can be written as a function of the following fourth ranked ten-
sors: 1) (nin j +mim j + pip j)(nknl +mkml + pkpl) = δi jδkl and its permutations and 2)
(nin jnknl + mim jmkml + pip jpkpl) = δi jkl. The fourth rank tensor δi jkl has been used
previously in defining the cubic symmetry in problems with periodic boundary
conditions[23]. Thus, the viscosity tensor ηi jkl can be specified in terms of two
coefficients λ1 and λ2, i.e., ηi jkl = λ1(δikδ jl + δilδ jk − 23δi jδkl) + λ2(δi jkl − 13δi jδkl). Com-
putation of the stresslet for any two specific cube orientations relative to the
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straining flow can be used to evaluate the two constants and we have chosen
the cases where the strain rate in a coordinate system aligned with the cube is
given by Ea and Eb, where Ea11 = −Ea22 = 1 and Eb12 = Eb21 = 1 and the other com-
ponents are zero, corresponding to the extensional axis perpendicular to one of
the faces and parallel to a diagonal of one of the faces, respectively.
The finite element method implemented with COMSOL was employed to
solve Stokes equations of motion in the fluid around a cube of side a centered
in a cubic simulation cell side H with no slip boundary conditions on the cube
surface and an undisturbed extensional velocity field v = r · E on the outer
boundary. The symmetric first moment of the force distribution then yielded
the particle stresslet. The boundary effects due to the finite domain size produce
a fluid velocity disturbance, which decays with separation r from the particle
center as 1/r2. The velocity gradient and pressure should then decay as 1/r3.
Figure 3.4 shows the variation of intrinsic viscosity with the variation of (a/H)3
for both Ea and Eb. By varying the domain sizes, we found that the stresslet
decayed linearly with (a/H)3. Accurate results for the stresslet were obtained by
fitting simulations with this scaling and extrapolating to a/H → 0.
To visualize the fluid velocity field, Figure 3.5 shows the streamlines in the
1-2 plane near the particles. The flow Ea with the extensional axis normal to
the face leads to a much larger distortion of the streamlines from the hyperbolic
shape of the undisturbed streamlines. This distortion requires a larger pressure
field.
The stress exerted on the convex edges of a cube is singular as one ap-
proaches the edge. As a result the sharpness of the edges and corners may
have a significant influence on the intrinsic viscosity. Simulations for cubes with
28
rounded edges having different radii of curvature R (non-dimensionalized by
the cube side) are presented in figure 3.6. The sharpness of the edges is var-
ied by changing the resolution of the grids on the surface of the cube. In finite
element simulations, the edges and corners are effectively rounded within the
adjacent elements. The spacing between the grids is taken as the radius of cur-
vature of the cubes. We have verified that higher grid resolution implies lower
radius of curvature by comparing the results of a rounded cube with specific
radius of curvature and a resolved simulation with a purposely rounded edge
(figure 3.6).
The scaling of the velocity and pressure fields near the edges can be un-
derstood by studying the two-dimensional Stokes flow near a corner as out-
lined by Moffat[24]. Using the general solution for the stream function ψ
for a two-dimensional Stokes flow in polar coordinates, the symmetry of the
streamlines far from the cube and the no slip boundary conditions on the cube
surface, the slowest decaying contribution to the stream function as the ra-
dial distance r from the corner goes to zero is found to take the form ψ =
r1.544(A cos(1.544θ) + B cos(0.456θ)) for the flow Ea. Here θ is the angle defined
such that θ = ±3pi/4 represents the two no slip surfaces. As a result, the fluid
velocity scales as r0.544 and the shear stress and pressure as 1/r0.456. Because the
stresslet involves an integral over the cube surface that converges on radial dis-
tances from the edge of the order of the radius of curvature R, the stresslet is a
constant minus an edge-induced correction of order R0.544. In a similar manner,
we find ψ = r1.908(A sin(1.908θ) + B sin(0.092θ)) near the edge for the strain rate Eb
leading to an O(R0.908) edge correction to the stresslet.
As shown in figure 3.6, the scaling obtained from the two dimensional
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Stokes flow near corners fits very well with the intrinsic viscosity for cubes
with different radii of curvature in large computational domains. The intrin-
sic viscosity fits extrapolated for very sharp cubes give ηa = 3.8 and ηb = 2.7
for flow fields Ea and Eb, respectively. Using the intrinsic viscosities for the
two orientations, we find λ1 = 2.7 and λ2 = 2.2. The viscosity tensor yield-
ing the stresslet for any cube orientation in any linear flow field is therefore
ηi jkl = 2.7(δikδ jl + δilδ jk 23δi jδkl) + 2.2(δi jkl
1
3δi jδkl). Since the particles are Brownian
and torque-free, all orientations of the cube are equally probable. Averaging
the viscosity tensor over these orientations yields < ηi jkl >=
∫
ηi jkl sin θdθdφ =
3.1(δikδ jl + δilδ jk − 23δi jδkl), which is in excellent accord with the results deduced
from experiments and around 25% larger than the result for spheres.
The stronger influence of the radius of curvature on the stresslet or the in-
trinsic viscosity for cubes in the flow Ea compared with Eb arises because of the
large pressure gradient produced by the streamline curvature as the fluid flows
around the corners (see figure 3.5a). Figure 3.7 shows the variation of the pres-
sure on the surface of the cube by changing the sharpness of the edges for the
flow Ea. It is well known that 2/5 of the stresslet on a spherical particle arises
from the pressure with the remaining 3/5 resulting from the shear stress. In con-
trast, pressure causes majority (63%) of the stresslet on a cube with orientation
A and is largely responsible for the higher intrinsic viscosity (3.8) for cubes with
this orientation. In the streamlined orientation in figure 3.5b, the shear stress
dominates providing 77% of the relatively small intrinsic viscosity (2.7). The
orientationally averaged stresslet (3.1) has contributions from pressure (43%)
and shear stress (57%) in nearly the same proportions as for a spherical particle.
In summary, we have used a combination of shear rheology experiments
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and finite element simulations to determine the intrinsic viscosity of a suspen-
sion of cube-shaped particles. Both approaches report an intrinsic viscosity for
cubes of approximately 3.1, i.e. substantially higher than the well-known re-
sult for spheres. An analysis of the velocity profile and pressure distribution in
the fluid near the particles, shows that the high pressure near the sharp edges
of a cube is largely responsible for the enhanced intrinsic viscosity relative to
spheres. Our results also indicate that even slight rounding of the edges of cube-
shaped particles leads to substantial reduction in intrinsic viscosity. In the case
of self-assembly of 2D square crystals, the cross over from disc-like to square-
like phase behavior occurs at the non-dimensional radius of curvature of 0.166.
For cubic particles, when the edges are rounded to the radius of curvature of
0.166, the value of intrinsic viscosity decreases significantly to 2.725, indicating
the sensitivity of the roundness of the edges. These values are easily accessi-
ble using experiments which suggests that the measurements of [η] for dilute
suspensions of particles of known polyhedral shape can be used in conjunction
with theoretical analysis to characterize even subtle geometric imperfections in
particle suspensions.
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Figure 3.2: TEM images of iron oxide nanoparticles of size (a) 20 nm and (b) 100
nm
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Figure 3.3: (color online) Intrinsic viscosity for cubic nanoparticles of various
sizes and chemistries. Here the volume fractions are corrected by
including the brush height on the cubes. The brush heights for oleic
acid attached cubes and PEG attached cubes is assumed to be 0.56
nm and 3 nm respectively.
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Figure 3.5: Velocity profiles around the cube for the two orientations a) Ea and
b) Eb
in one quarter of the 1-2 plane.
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Figure 3.6: Variation of intrinsic viscosity with the radius of curvature of the
edges. () is for Ea, (4) is for Eb and () for orientationally averaged
cube, (•) are the data points for rounded cubes with high grid reso-
lutions. The scaling for the fits are obtained from an analysis of two
dimensional Stokes flow near corners.
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Figure 3.7: Variation of pressure on the surface of the cube for the flow Ea.
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CHAPTER 4
STRESS IN A SUSPENSION OF CUBE-SHAPED MAGNETIC PARTICLES
SUBJECT TO SHEAR AND MAGNETIC FIELDS
4.1 Abstract
The effect of a homogenous magnetic field ( H ) on the bulk stress in a dilute
suspension of weakly Brownian magnetic cubes suspended in a Newtonian
fluid subjected to a linear shear flow is studied. The stresslet on each cube is
anisotropic and depends on its orientation. Application of a magnetic field to
the suspension results in anisotropy in the orientational distribution of cubic
particles. The steady-state orientation distribution is derived as a function of
the angle between the directions of the magnetic field and the fluid vorticity
vector and the strength of the magnetic torque non-dimensionalized by the vis-
cous torque. Knowledge of the distribution function is used to derive a general
result for the bulk stress in a linear flow field in a magnetic field when the mag-
netic field is either parallel or perpendicular to the vorticity. Specific numerical
results are obtained for the intrinsic viscosity of the suspension in a simple shear
flow. When the magnetic field is perpendicular to vorticity, we find that the in-
trinsic viscosity increases at first with increasing shear rate passes through a
maximum and then shear thins. The intrinsic viscosity can vary from 3.25 to 5.5
in response to changes in the relative strengths of the shear and magnetic fields.
The maximum value of 5.5 for the intrinsic viscosity was obtained, when the
magnetic moment of the cube, which is parallel to one of the normals is in the
flow gradient plane and is aligned at an angle of pi/4 to the flow direction.
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4.2 Introduction
Suspensions of ferromagnetic or ferrimagnetic nanoparticles in a Newtonian
fluid (ferrofluids) have been observed to show interesting rheological properties
in the presence of external magnetic fields including antisymmetric stresses and
a complex shear-dependent rheology resulting from the competition between
magnetic and viscous torques in controlling particle orientation. Such suspen-
sions are used in the design of numerous devices and applications dealing with
magnetic fluid seals, viscous dampers, actuation and robotics. Previous studies
of ferrofluids have considered spherical particles or axisymmetric particles. A
third category of interest is polygonal particles which may arise from a number
of crystallization synthesis methods. As an example, we study the dependence
of bulk stress in a dilute suspension of weakly Brownian magnetic cubic parti-
cles in a magnetic field.
It is well known that in the presence of a uniform magnetic field, a magnetic
particle in a suspension subjected to simple shear flow experiences a net angular
velocity relative to the fluid. When the particle’s angular velocity does not coin-
cide with the local rotational velocity of the fluid, the viscous dissipation of the
medium increases. This phenomenon is known as the magnetoviscous effect.
Experimentally, this effect was first observed by McTague [1] and Rosensweig
et. al.[2]. McTague observed that the increase in the viscosity for dilute suspen-
sions is greater when the magnetic field(H) is applied parallel to the flow than
with it in perpendicular direction. Rosensweig studied the dependence of vis-
cosity on the shear rate in the presence of a magnetic field perpendicular to the
flow and observed Newtonian and shear thinning regimes depending on the
relative strength of hydrodynamic and magnetic torques.
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Hall and Busenberg [3] theoretically estimated the viscosity of a dilute sus-
pension of non-Brownian, magnetic spherical particles in shear flow as a func-
tion of both direction and the magnitude of H. The steady state motion of these
particles was derived using torque balance and the effective viscosity of the sus-
pension was calculated using conservation of energy. They predicted that the
effective viscosity (ηe f f ) of the suspension depends on both the direction and
magnitude of the external magnetic field and is given by:
ηe f f = η0
1 + 5φ2 + 3φ4 (1 + ξ2) − 3φ2
(
1
4
(1 + ξ2)2 − ξ2 sin2 α
)1/2 (4.1)
(4.2)
Here φ is the particle volume fraction, η0 is the viscosity of the carrier liquid,
ξ = (µ0|M||H|)/(4piη0a3γ˙) represents the ratio between the magnetic torque and
the hydrodynamic torque acting on a particle, and α is the angle between the
magnetic field and vorticity as shown in figure 4.2. Here µ0 is the permeability
of free space, |M| is the magnitude of particle magnetic dipole, H is the mag-
netic field, a is the particle radius, and γ˙ is the shear rate. Later, Shliomis [4]
derived an expression for a suspension of magnetized Brownian spherical parti-
cles for the case of low shear rate and short magnetization relaxation time which
is given by
ηe f f =
3
2
φη0
(
1 +
5
2
φ
) [
κ − tanh κ
κ + tanh κ
]
sin2 θ (4.3)
Here κ = µ0|M||H|/kBT , with kB being Boltzmann constant and T the absolute
temperature, is the Langevin parameter, and θ is the angle between the magnetic
field and vorticity.
Brenner and Weissman [5] numerically solved the Smoluchowski equation
for the orientational distribution function and developed a dynamical theory of
the rheology of suspensions of noninteracting dipolar Brownian spherical parti-
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cles. They derived expressions for the stress tensor and showed the effect on the
intrinsic viscosity of both the external field strength and shear rate, parameter-
ized through the rotational Peclet number Per = γ˙/Dr , where Dr is the rotational
diffusion coefficient of the particle.
In this paper we will consider magnetic cube-shaped particles in a mag-
netic field in the limits of very weak rotary Brownian motion relative to the
shear induced rotation Per  1 and the magnetic field induced rotation (ζ =
µ0|M||H|/kT  1). Thus, among the aforementioned work on spherical par-
ticles, our study is most closely related to that of Hall and Busenberg [3]. A
small amount of Brownian motion allows cubic particles undergoing rotational
motion to sample all possible phase angles of their orbits. As a representative
example, this theory can be used to understand the dilute rheological behavior
of 100nm Fe3O4 cubic particles synthesized using the procedure described by
Hyeon et. al. ([6]), suspended in a fluid with viscosity of 100 cp (for example
motor oil used to make ferro fluids) being sheared at a shear rate (γ˙ = 50s−1) in
the presence of a magnetic field of 1000 Oe. For this case, we have Per = 150 and
ζ > 1000.
Non-spherical particles which are axisymmetric such as rods, spheroids, etc.
have been extensively studied in the literature [7][8] [9] [10]. The net torque
acting on stationary axisymmetric particles in an extensional flow is non-zero
and depends on their orientation. As a result, the orientation distribution is
non-isotropic and the particles undergo trajectories called Jeffrey’s orbits in the
absence of a magnetic field. When external magnetic fields are applied, the ori-
entation distribution becomes much more complex. Almog and Frenkel [11]
studied the motion of a dilute suspension of weakly Brownian axisymmetric
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dipolar magnetic particles under shear in the presence of an external magnetic
field. They show that the long time behavior of the orientation distribution
function in linear shear flow can in general exhibit multiple stable equilibria.
Depending on their initial orientations, particles may remain in a family of pe-
riodic orbits or converge to a stable equilibrium orientation. They discuss the
implications of these results on the rheology of these suspensions. They then
provide specific calculations for the bulk stresses in the medium for the cases
where there is a single stable node.
Cubic particles are the simplest polyhedral particles with flat surfaces, sharp
corners and edges. Due to its symmetric shape, a cube does not experience any
torque in an extensional flow. As a result, when cubic particles are subjected to
simple shear flow in the absence of a magnetic field, they rotate freely with the
applied vorticity. The rotational behavior of cubes in the presence of a magnetic
field is equivalent to that described by Hall and Busenberg [3]. Unlike a sphere,
however, the symmetric first moment of stress acting on a cube depends on the
orientation of the cube with respect to the rate of strain. The rotational motion
of the cube in the presence of competing vorticity and magnetic fields results
in an anisotropic orientation distribution of the cubes altering the symmetric
part of the stress in the ferrofluid. The symmetric part of the stress tensor in a
suspension of weakly Brownian spheres is independent of the ratio of the mag-
netic and viscous torques and the shear thinning of the suspension results solely
from the antisymmetric part of the stress. In contrast, both the symmetric and
antisymmetric parts of the stress in a suspension of cubic particles are modu-
lated by the ratio of magnetic to viscous torques. In this way, cubic particles ex-
hibit a behavior intermediate between axisymmetric non-spherical particles and
spherical particles. Like other non-spherical particles their stresslet responds to
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extensional flow in an anisotropic fashion that responds to the magnetic field,
but unlike axisymmetric particles they do not exhibit an anisotropic distribu-
tion in a linear shear flow in the absence of a magnetic field. Thus, the study of
cubic particles provides a simple illustration of the influence of magnetic field
induced anisotropy of the particle orientation distribution on both the symmet-
ric and antisymmetric stress in a suspension.
This chapter is divided into three sections. In the first section, we use the
symmetric properties of the cube to calculate the symmetric stress as a function
of the cube’s orientation. We identify the orientations which produce the max-
imum and minimum stresslet and show that the stresslet for any orientation
can be determined from a computation of the stresslet in these two orientations.
In the second section, we solve for the motion of the cube to obtain the cube’s
orientation as a function of applied magnetic and shear fields. At steady state,
cubes either have a fixed orientation or rotate with constant angular velocity.
This angular velocity vector is dependent on the relative direction and mag-
nitude of applied magnetic and shear fields. The trajectories for the cube are
analyzed when the magnetic field is either parallel or perpendicular to vortic-
ity direction. In the last section, we calculate the anti-symmetric stress and use
the results from previous sections to calculate the total stress as a function of
applied magnetic and shear fields. The dependence of viscosity on the relative
strengths of magnetic and shear fields is studied when magnetic field is parallel
and perpendicular to vorticity direction.
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4.3 Stress in a dilute suspension of force-free particles
Batchelor derived the general expression for the bulk stress in a Newtonian fluid
at any instantaneous particle orientation in the presence of a net external torque
on the particles[12]. Following the derivation carried out by Batchelor [12], the
average deviatoric stress
(
< σi j >
)
generated in the suspension can be written as
< σi j >=
1
V
∫
V f
σ f i jdV +
N
V
∫
Vp
σpi jdV (4.4)
Here σpi j and σ f i j are the particle and fluid deviatoric stresses, N is number of
particles, V is the total volume, V f is the fluid volume, and Vp is the volume of
each particle. Since the fluid is Newtonian andσ f i j inside the particle is zero, the
first term in equation (4.4) can be integrated over the whole volume. Also, using
divergence theorem, the second term can be transformed to a surface integral
which results in
< σi j >= (2η0Ei j) + n
∫
Ap
(σpiknk)r jdA (4.5)
Ei j is the imposed rate of strain and n is the number of particles per unit
volume. The external torque (Li) acting on each particle is given by Li =∫
Ap
i jlr jσlknkdA. Using this relation in equation(4.5) and writing the symmetric
and anti-symmetric components of stress separately leads to
< σi j > = < σ
sym
i j > + < σ
anti
i j > (4.6)
< σ
sym
i j > = 2η0Ei j + nS i j (4.7)
< σantii j > = ni jkLk (4.8)
S i j is the stresslet acting on each particle and is defined as
S i j = 12
∫
Ap
(σsymik nkr j + σ
sym
jk nkri)dA. (4.9)
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We have previously calculated the intrinsic viscosity for an isotropic sus-
pension of cubic particles ([13]) and verified the predictions with experimental
measurements. However, since the present application highlights the stress that
arises when a magnetic field induces an anisotropic orientation distribution of
the cubes, we will review this aspect of the calculations here. The relationship
between the stresslet and the strain rate for a cubic particle in Stokes flow is
linear but anisotropic and can be written as
S i j = ηi jklEkl (4.10)
Here ηi jkl is a fourth rank viscosity tensor, which depends on the orientation of
the cube. Let us define the orientation of a cube by the three unit normal vectors
to its faces ni, mi, pi. The symmetry of the cube dictates that ηi jkl should be an
even function of three normal vectors ni,mi, pi and symmetric in ni,mi, pi. As a
result, ηi jkl can be written as a function of the following fourth ranked tensors:
ηi jkl = λ1(nin j + mim j + pip j)(nknl + mkml + pkpl) (4.11)
+ λ2(nin j + mim j + pip j)(nknl + mkml + pkpl)
+ λ3(nin j + mim j + pip j)(nknl + mkml + pkpl) (4.12)
+ λ4(nin j + mim j + pip j)(nknl + mkml + pkpl)
+ λ5(nin jnknl + mim jmkml + pip jpkpl) (4.13)
Here λ1, λ2, λ3, λ4 and λ5 are unknown constants. Using S ii = 0, and the symmet-
ric properties of the cube, ηi jkl can be simplified to just two unknowns (λa and
λb)
ηi jkl = λa(δikδ jl + δilδ jk − 23δi jδkl) + λb(δi jkl −
1
3
δi jδkl) (4.14)
Here δi jδkl = (nin j +mim j + pip j)(nknl +mkml + pkpl) and δi jkl = (nin jnknl +mim jmkml +
pip jpkpl). The fourth rank tensor δi jkl has been used previously in defining the
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cubic symmetry in problems with periodic boundary conditions[14]. The two
unknowns can be evaluated by computing the stresslet for any two specific cube
orientations relative to the straining flow.
We have chosen the cases where the strain rate in a coordinate system whose
axes are aligned with unit normal vectors to the cube is given by Eai j and E
b
i j
Eai j = 1, for i = j = 1,
= −1, for i = j = 2,
= 0, otherwise (4.15)
Ebi j = 1, for i = 1, j = 2
= 1, for i = 2, j = 1
= 0, otherwise (4.16)
These orientations correspond to the maximum and minimum possible stresslet,
respectively.
A finite element method implemented with COMSOL was used to obtain
the fluid velocity and pressure profiles surrounding the cube. The stresslet S i j
on the cube, subjected to the extensional flows Eai j and E
b
i j is determined from
these profiles. These calculations were carried out within a cubic domain of side
length L with a cube of side length a at its center. Specified velocity vi = r jEi j
was imposed on the outer boundaries of the domain. The boundary effects due
to the finite domain size produce a fluid velocity disturbance, which decays
with separation r from the particle center as 1/r2. The velocity gradient and
pressure should then decay as 1/r3. By varying the domain sizes, we found that
the stresslet decayed as (a/L)3. Accurate results for the stresslet were obtained
by fitting simulations with this scaling and extrapolating to L/a→ ∞.
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The stress exerted on each convex edge of a cube is singular as one ap-
proaches the edge. As a result the sharpness of the edges and corners may
have a significant influence on the stresslet. Simulations for cubes with rounded
edges having different radii of curvature R (non-dimensionalized by the cube
side) are presented in figure 4.1 The scaling of the velocity and pressure fields
near the edges can be understood by studying the two-dimensional Stokes flow
near a corner as outlined by Moffat[15]. Using the general solution for the
stream function ψ for a two-dimensional Stokes flow in polar coordinates, the
symmetry of the streamlines far from the cube and the no slip boundary con-
ditions on the cube surface, the slowest decaying contribution to the stream
function as the radial distance r from the corner goes to zero is found to take the
form ψ = r1.544(A cos(1.544θ) + B cos(0.456θ)) for the flow Ea. Here θ is the angle
defined such that θ = ±3pi/4 represents the two surfaces. As a result, the fluid
velocity scales as r0.544 and the shear stress and pressure as 1/r0.456. Because the
stresslet involves an integral over the cube surface that converges on radial dis-
tances from the edge of the order of the radius of curvature R, the stresslet is a
constant minus an edge-induced correction of order R0.544. In a similar manner,
we find ψ = r1.908(A sin(1.908θ) + B sin(0.092θ)) near the edge for the strain rate Eb
leading to an O(R0.908) edge correction.
As shown in the figure 4.1, the scaling obtained from the two dimensional
Stokes flow near corners fits very well with the appropriate component of the
stresslet (S i j). S a12 and S
b
11 for cubes were plotted with different radii of curvature
in large computational domains and the fits were extrapolated for very sharp
cubes. We get S a12 = 7.6 and S
b
11 = 5.4 for flow fields E
a and Eb respectively.
Using these values in the general expression for the stresslet, we get λa = 2.7
and λb = 2.2. The viscosity tensor yielding the stresslet for any cube orientation
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in any linear flow field is therefore
ηi jkl = 2.7(δikδ jl + δilδ jk − 23δi jδkl) + 2.2(δi jkl −
1
3
δi jδkl) (4.17)
This expression along with equation 4.10 provides the stresslet for any orienta-
tion of the cube in any linear velocity field.
For a simple shear flow problem, the minimum value of viscosity from sym-
metric stress can be evaluated from previous equation. This value is 2.7 and it
occurs when the normals to the cube are aligned along the flow, gradient and
vorticity directions. Similarly, the maximum value of viscosity from symmetric
stress which is 3.8 occurs when two of the normals to the cube are at an angle of
pi/4 with the flow direction and the third is parallel to vorticity. If the cubic par-
ticles have a magnetic moment parallel to one normal and an external magnetic
field is applied, we will see that the direction of one of the normals to the cube
will be independent of time and fixed at an orientation that depends on the rel-
ative strength of the magnetic and shear fields and the direction of the magnetic
field. The particle will rotate about this axis leading the other normals to be
isotropically averaged over the plane perpendicular to the magnetic moment.
Therefore, the viscosity contribution from the symmetric stress can be varied
using magnetic field although the absolute maximum value of viscosities from
symmetric stress will not be realizable.
4.4 Motion of a cube in a linear flow field
The rotation of a cube in a linear shear flow field in the presence of a magnetic
field is similar to that of a spherical particle, because neither cubes nor spheres
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rotate due to the extensional component of the flow. Therefore, the develop-
ment here follows Hall and Busenberg’s ([3]) analysis for spherical particles.
Here, we have explicitly written down the equation for particle’s angular ve-
locity vector as a function of ξ and the angle between the magnetic field and
vorticity direction.
Consider a cube with magnetic moment M aligned with one of the side nor-
mals that is suspended in a Newtonian fluid with viscosity η and subjected to a
linear shear flow in the presence of an external magnetic field. Due to the sym-
metric shape of the cube, the net torque acting on it in a purely extensional flow
is zero. In the absence of an external magnetic field, cubic particles are torque
free and will rotate with the applied vorticity (ω). However when an external
magnetic field (H) is applied, cubic particles will have a net angular velocity
(Ω − ω) relative to the fluid. We assume that the Brownian torques are weak
compared to both hydrodynamic and magnetic torques. In this case, the motion
of the cube is governed by balancing the net magnetic torque acting on the cube
(µ0M ×H) with the torque produced due to the non-zero relative angular veloc-
ity of the cube (Rω(Ω − ω)). Also, since the magnetic moment is fixed with one
of the normals, it rotates along with the net angular velocity of the cube. The
non-dimensionalized equations of motion for the cube are:
ξ(Ω¯ − ωˆ) = (Mˆ × Hˆ) (4.18)
dMˆ
dt
= Ω¯ × Mˆ (4.19)
Ω¯ = Ω/|ω| is the non-dimensionalized angular velocity of the cube, ωˆ = |ω| is
the nondimensionalized vorticity of the cube and ξ = Rω |ω|
µ0 |M||H| is the ratio of the
strength of the hydrodynamic torque to the external magnetic torque, and µ0
is the permeability. The hydrodynamic resistivity for rotation, Rω, was calcu-
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lated using finite element analysis and found to be Rω = 7.39a3η0. It has been
shown by Hall and Busenberg [3] that the magnetic moment will reach a steady
alignment and the particle will rotate with a constant angular velocity about
the direction of the magnetic moment when it satisfies the above equations of
motion, i.e.,
Mˆ =
Ω¯
|Ω¯| (4.20)
The stresslet of a sphere undergoing this motion is independent of time. For a
cube, however, the unit normals m and p continue to rotate leading to temporal
variations of the orientation of the cube relative to the extensional axes and an
associated temporal variation of the stresslet. Our first aim would be to calculate
the time dependent orientation of the cube as a function of ξ and the relative
orientation of applied magnetic field with the vorticity direction. This will then
be used to understand the dependence of average stress acting on the cube.
Solving the equations of motion for steady state, the general solution for the net
angular velocity and the magnetic moment of the cube is given by:
Mˆ =
1
1 + |Ω¯|2ξ2
(
ξ2 ¯|Ω|ωˆ +
(
cosθ
¯|Ω|
)
Hˆ + (ξ)ωˆ × Hˆ
)
(4.21)
¯|Ω| =
ξ2 − 1 + √(ξ2 − 1)2 + 4ξ2cos2θ2ξ2
1/2 (4.22)
Here θ is the angle between applied magnetic field and the applied vorticity.
The orientation of the magnetic moment of the cube and its angular veloc-
ity are determined by the competition between magnetic and viscous torques.
The magnitude and the orientation of the net angular velocity depends on both
ξ and θ. Let us consider a specific case of θ = pi/2 to understand this depen-
dence. For a simple shear flow, this value of θ would correspond to the applied
magnetic field lying in the flow-gradient plane. This is particularly relevant
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because in typical rheology experiments, magnetic field is applied along the ve-
locity gradient direction ( θ = pi/2) to measure the effect of magnetic field on
viscosity. When θ → pi/2, two different limiting solutions are feasible from the
above equations based on the magnitude of ξ. For ξ < 1, the magnetic torque
is always sufficient to balance viscous torque and the net angular velocity of
the cube is zero. When ξ > 1, the magnetic torque cannot compensate for the
applied viscous torque and the cube will have a non-zero angular velocity.
When ξ < 1
¯|Ω| = 0 (4.23)
Mˆ =
(
Hˆ(1 − ξ2)1/2 + ξ(ωˆ × Hˆ)
)
(4.24)
When ξ ≥ 1
¯|Ω| =
(
1 − 1
ξ2
)1/2
(4.25)
Mˆ =
(1 − 1
ξ2
)1/2
ωˆ +
1
ξ
ωˆ × Hˆ
 (4.26)
The schematic illustration of these results is shown in the figure 4.3. Let β
be the angle between H and magnetic moment M and α be the angle between
M and applied vorticity as shown in figure 4.2. For ξ << 1, the external torque
is large compared hydrodynamic torque. As a result, the direction of the mag-
netic moment coincides with the direction of the applied magnetic field and the
angular velocity of the cube is zero(β = 0, α = pi/2 and |Ω| = 0). For ξ < 1, the an-
gular velocity is still zero (|Ω| = 0) and α = pi/2 but β increases from 0 to pi/2 as ξ
increases from 0 to 1. When ξ = 1, the external magnetic torque is just sufficient
to balance the hydrodynamic torque(α = pi/2, β = pi/2 and |Ω| = 0). When ξ > 1,
the external magnetic torque is smaller than the hydrodynamic torque due to
the imposed vorticity and the particle begins to rotate, i.e., |Ω| , 0, β = pi/2 and
α decreases from 0 to pi/2 as ξ increases from 1 to∞.
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The plots of magnitude and the orientation of the angular velocity for any θ
are shown in the figure 4.4. It is clear that for very small ξ, the magnetic moment
is aligned along the magnetic field α = θ and β = 0. However, the magnitude
of angular velocity depends on θ. When θ = 0, that is H is parallel to ωˆ, the
magnetic moment aligns along H and the cube rotates freely with the vorticity.
Therefore |Ω| is independent of ξ. As ξ increases from 0 to∞, α decreases from θ
to 0 and β increases from 0 to θ.
When θ = 0, the applied magnetic field, vorticity and the resultant direction
of the magnetic moment are all along the same direction. As a result, there is no
net external torque on the cube and it rotates freely with the applied vorticity.
This result is independent of the magnitude of ξ.
4.5 Calculation of symmetric and anti-symmetric stress in the
suspension
Let the three normal vectors to the sides of the cube be n,m,p. One of vectors m
is aligned parallel to M¯ and the other two normals n and p rotate about m with
the angular velocity |Ω|. Each cube undergoes periodic rotation so that the unit
normal satisfy
n(t) = n0 cos(Ωt) − p0 sin(Ωt) (4.27)
m(t) = Mˆ (4.28)
p(t) = n0 sin(Ωt) + p0 cos(Ωt) (4.29)
However, in a suspension of many cubic particles with weak Brownian mo-
tion, there will be mixing among phase angles for n0 and p0, which results in
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uniform distribution of all orientations in a 2D plane at any given time. There-
fore, we can write the orientation of any cube in a dilute suspension as
n(t) = n0 cos(Ωt + ϕ) − p0 sin(Ωt + ϕ) (4.30)
m(t) = Mˆ (4.31)
p(t) = n0 sin(Ωt + ϕ) + p0 cos(Ωt + ϕ) (4.32)
where ϕ is a phase angle. Weak Brownian motion will lead to a uniform
distribution of ϕ from 0 to 2pi in the suspension. The bulk stress consisting of
both symmetric and anti-symmetric stresses depend on the orientation of the
cube and correspond to stress contributions averaged over all ϕ.
< S i j >=
1
T
T∫
0
S i jdt =
1
T
T∫
0
[2.7(δilδ jk+δikδ jl−23δi jδkl)+2.2(δi jkl−
1
3
δi jδi j)]Ekldt (4.33)
Here T = 2pi/Ω, the tensors δi jδkl,δilδ jk and δikδ jl are isotropic and do not change
with the rotation of ni, mi and pi, while δi jkl changes with the rotation of the cube.
< δi jkl >=
1
2pi/Ω
2pi/Ω∫
0
(nin jnknl + mim jmkml + pip jpkpl)dt (4.34)
Using symmetry and simplifying, we get
< δi jkl > = mim jmkml +
1
4
(δ(2)i j δ
(2)
kl + δ
(2)
il δ
(2)
k j + δ
(2)
ik δ
(2)
jl ) (4.35)
δ(2)i j = (δi j − mim j) (4.36)
Simplifying the above equations, the final expression for < S i j > is
< S i j >= 6.15Ei j + 0.375Eklmkml(7mim j − δi j) − 0.75(mimkEk j + m jmkEki) (4.37)
Here mi is a normal vector parallel to the magnetic moment. Eqn (4.37) together
with the solution for the direction of the magnetic moment provides a general
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result for the symmetric stress in any linear flow when the magnetic field is
perpendicular to the vorticity axis. When the magnetic field is parallel to the
vorticity axis Eqn (4.37) applies with m being parallel to the vorticity axis.
The anti symmetric stress acting on the cube in case (i) is given by
σantii j = ni jkLk (4.38)
Lk = Rω(Ωk − ωk) (4.39)
σantii j =
nRω
1 + ξ2|Ω|2
(
cos(φ)i jkHˆk − i jkωˆk − ξ(Hˆiωˆ j − Hˆ jωˆi)
)
(4.40)
The above equations gives the general result for any linear velocity flow prob-
lem. The total stress in the medium in any linear velocity field will be the sum
of symmetric and anti-symmetric stress in the medium.
4.6 Dilute suspension viscosity
We have calculated the general expression for both symmetric and anti-
symmetric stress in any linear flow. We now simplify this solution for a simple
shear flow problem and specific orientations of the magnetic field. The effec-
tive viscosity ηe f f of the suspension depends on both the symmetric and the
antisymmetric components of stress:
< σi j >= 2ηe f fEi j =< σ
sym
i j > + < σ
anti
i j >= 2η fEi j + n < S i j> + n < i jkLk > (4.41)
Intrinsic viscosity is defined as the
lim
φ→0
ηe f f − η0
η0φ
(4.42)
In case (i) we consider a magnetic field that is perpendicular to the vorticity (i.e
θ = pi/2), the contributions to the viscosity from the symmetric stress (ηsym) and
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anti-symmetric stress (ηanti) are dependent on the magnitude of ξ
When ξ < 1
< ηsym > = η0
(
1 + 2.7φ +
(
3.85sin2(δ + arcsin ξ)cos2(δ + arcsin ξ)
)
φ
)
(4.43)
When ξ ≥ 1
< ηsym > = η0
(
1 + 3.25φ − 0.55
ξ2
φ +
3.85cos2δsin2δ
ξ4
)
(4.44)
Here arcsin ξ = β, with β as the angle between magnetic moment and H for
ξ < 1 (figure 4.2). This result clearly shows that the viscosity from symmetric
stress is maximum when δ + β = pi/4. Where δ is the angle between the velocity
gradient and the project of magnetic field on the flow-gradient plane. In this
case, one of the normals is at an angle of pi/4 with respect to the flow direction
and the other two normals are orientationally averaged in the perpendicular
plane. The symmetric stress is minimum when δ + β = 0 or δ + β = pi/2. In this
case, one of the normals is along the flow direction and the other two normals
are averaged in the vorticity-gradient plane. It is important to note that the
symmetric stress depends only on the direction of the magnetic moment with
respect to the applied shear. The plot of ηsym as a function of ξ is plotted for
δ = 0 in figure 4.5. As ξ goes from 0 to 1/
√
2, ηsym shows a shear thickening
behavior with the value increasing from 2.7 to 3.65. When ξ = 1/
√
2, β = pi/4,
therefore the viscosity from symmetric stress is maximum. As ξ increases from
1/
√
2 to 1, ηsym shear thins reaching a minimum value of 2.7, when β = pi/2.
As ξ increases from 1 to ∞, the angular velocity of the cube is non-zero and it
approaches the applied vorticity as ξ increases. The value of ηsym increases from
2.7 and asymptotes towards 3.25 as ξ → ∞.
In the case of viscosity contribution from anti-symmetric stress, when ξ < 1,
|Ω| = 0 producing the maximum possible viscous torque and antisymmetric
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stress. As ξ increases from 1 to , |Ω¯| increases from 0 to 1. As a result, the
angular velocity of the particle relative to the fluid, (Ω¯− ωˆ), decreases and hence
the antisymmetric stress decreases.
ηantii j = 1.85η0φ, when ξ < 1 (4.45)
ηantii j =
1.85η0φ
ξ2
, when ξ ≥ 1 (4.46)
The effective viscosity of the suspension is the sum of contributions of vis-
cosity from both symmetric and anti-symmetric stresses:
When ξ < 1
ηe f f
η0
= 1 + 2.7φ + 3.85 sin2(δ + β) cos2(δ + β)φ + 1.85φ
sin β = ξ (4.47)
When ξ ≥ 1
ηe f f
η0
= 1 + 3.25φ − 0.55
ξ2
φ +
3.85 sin2 δ cos2 δ
ξ4
+
1.85
ξ2
φ (4.48)
In case (ii), we consider a magnetic field is aligned along the vorticity direc-
tion and find that
< ηsym > = η0 (1 + 3.25φ) (4.49)
At steady state, the magnetic moment of the cube aligns along the magnetic field
or the vorticity direction. The net external magnetic torque on the cube is zero.
As a result, the cube rotates freely with the applied vorticity. The steady state
configuration is independent of ξ and ηsym is constant and is equal to the isotrop-
ically averaged contributions from the orientations with the magnetic moment
along vorticity direction. Also, since the magnetic moment aligns with the ap-
plied magnetic field which results in no external magnetic torque on the particle.
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Therefore, when the magnetic field is aligned along the vorticity direction.
ηe f f
η0
= 1 + 3.25φ (4.50)
The variation of intrinsic viscosity with ξ when θ = pi/2 and δ = 0 is shown
in figure 4.5. The maximum value of intrinsic viscosity is 5.5 and it is produced
when magnetic moment is aligned at an angle of pi/4 in the flow gradient plane.
It is interesting to note that the minimum value of intrinsic viscosity 3.25 when
ξ → ∞, i.e. very weak magnetic field while the isotropically averaged intrinsic
viscosity in the absence of any magnetic field is 3.1. Our analysis is based on the
assumption that Brownian torques are weak compared to both the viscous and
magnetic torques and therefore corresponds to the limits Per  1 and Per/ξ 
1. The intrinsic viscosity of an isotropic suspension would be recovered when
the magnetic torque is much weaker than the viscous torque, corresponding to
Per/ξ  1.
The plot showing the variation of intrinsic viscosity on δ and ξ are shown
in the figure 4.6. It is clear that the minimum and maximum value of intrinsic
viscosity does not change on δ. For ξ < 1, the angular velocity of cube is zero
and the anti-symmetric component is maximum. The symmetric component of
stress depends on the equilibrium orientation of the cube with respect to the ap-
plied shear flow. The orientation is decided by both δ and ξ. The angle between
velocity gradient and the magnetic momenet is δ + β with sin β = ξ. As it is clear
from the above equations, the intrinsic viscosity curves fall on the same curve
if plotted against δ + β. The maximum value of intrinsic viscosity is obtained
when δ+ β = pi/4 and the minimum value is obtained when δ+ β = 0 or pi/2. For
δ = pi/6, as ξ increases from 0 to 1, the angle between velocity gradient and the
magnetic moment changes from pi/6 to 2pi/3. The intrinsic viscosity increases as
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this angle increases from pi/6 to pi/4. The value of intrinsic viscosity decreases
from pi/4 to pi/2 and then it increases again until 2pi/3.
4.7 Conclusions
In this chapter, we have calculated the major effects of magnetic field on the
viscosity of magnetic suspension. We found that the effective viscosity of the
magnetic suspension increases in the presence of magnetic field by an amount
dependent on the magnitude and the direction of applied shear. This increase is
comparable in magnitude to the amount by which the solution viscosity in the
absence of any field exceeds the viscosity of the solvent. Consequently, this field
dependence should produce significant effects on the flow. When the magnetic
field is perpendicular to the vorticity direction, with the increase in magnetic
field, cubes exhibit either shear thickening or shear thinning behavior based on
the magnitude of magnetic field strength
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Figure 4.2: Schematic figure showing the orientation of the cube with respect
to the applied shear and magnetic field. θ is the angle between H
and vorticity vector (ω); δ is the angle the projection of H on the
velocity-gradient plane makes with the gradient direction; α is the
angle between magnetic moment and ω and β is the angle between
H and M
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Figure 4.3: Schematic figure illustrating the evolution of orientation of the mag-
netic moment with increasing ξ. The dotted red arrow indicates the
evolution of the direction of magnetic moment M with increasing ξ
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Figure 4.4: Plot shows the variation of α with θ and ξ. α is the angle between
magnetic moment and the vorticity direction. As ξ increases, the
strength of the magnetic field decreases and α decreases
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Figure 4.5: Plot shows the variation of β with θ and ξ. β is the angle between
magnetic moment and the applied magnetic field. As ξ decreases,
the strength of the magnetic field increases and β decreases
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Figure 4.6: Plot shows the variation of Ω with θ and ξ. Ω is the magnitude of re-
sultant angular velocity. As ξ increases, the strength of the magnetic
field decreases and Ω becomes closer to 1
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Figure 4.7: ξ dependence of the different contributions to the intrinsic viscosity
of suspensions when the magnetic field is along the velocity gradient
direction
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CHAPTER 5
BROWNIAN DYNAMICS SIMULATIONS OF HARD CUBIC PARTICLES
IN SUSPENSIONS UNDER SHEAR
5.1 Introduction
This chapter addresses the structure, diffusion, and rheology of colloidal dis-
persions of hard cubes in the absence of inter-particle hydrodynamic interac-
tions using Brownian dynamics simulations. Interactions between cubic par-
ticles is unique due to the presence of flat surfaces, sharp corners and edges.
Since a cube is a regular polyhedron with no aspect ratio, the force/velocity
and torque/rotation rate resistivities are independent of its orientation. These
resistivities were calculated in chapter 2 and they differ from the sphere only
by a scalar constant. As a result the long range interactions between cubes will
be similar to that of spherical particles. However, unlike spheres, cubic parti-
cles have anisotropic in stress. The stress acting on the cube depends on the
orientation and was calculated in chapter 3. Also, in the case of hard spheres,
inter-particle lubrication forces are sufficient to prevent them from overlapping
with each other even before spheres actually collide. For cubic particles, most of
the collisions are either edge-edge collisions or corner-face collisions at low to
moderate volume fractions. The lubrication interaction between cubes is much
weaker (or almost negligible) than for spheres since a sharp corner does not
have a nearly parallel surface except when two cubes have nearly the same ori-
entation. Therefore, unlike spheres inter-particle lubrication stresses do not play
a major role in the rheology of cubic suspensions. Collisional stresses generated
due to hard cubic interactions are calculated to understand the rheology of these
72
suspensions. Interestingly, collisions between cubes depends on the relative ori-
entation and the distance between them and unlike spheres, the contact forces
are not along the line of centers of the particles. This results in the coupling be-
tween translational and rotational motion through collisional forces and torques
acting between them which leads to distinct rheological properties.
In collolidal suspensions the particles are large enough so that the suspend-
ing fluid can be treated as a continuum, yet small enough so that the particles
are affected by Brownian motion arising from the thermal fluctuations in the
surrounding fluid. Thus, the behavior of the particles in the dispersion is gov-
erned by the many-body Langevin equation. Brownian dynamics simulation
studies the motion of particles without considering hydrodynamic interactions
between the particles.
The theory of Brownian motion originated with the works of Einstein[1],
Smoluchowski, Langevin, Fokker, Planck [2], Batchelor[3]. A method for sim-
ulating Brownian particles with hydrodynamic interactions was first presented
by Ermak and Mc- Cammon [4]. There has been extensive work utilizing Brow-
nian Dynamics to simulate particles with a variety of different interparticle po-
tentials Heyes[5], Xue and Grest[6], Rastogi et al[7]. Durlofsky et al. [8] de-
veloped a method to include hydrodynamic interactions, both the strong short-
range lubrication forces and the long-range many- body interaction called as
Stokesian dynamics simulations. Foss and Brady implemented Stokesian dy-
namics simulatons and compared the results with the Brownian dynamics with-
out hydrodynamic interactions[9][10]. The Stokesian Dynamics method as cur-
rently implemented is computationally intensive and there is interest in using a
simpler algorithm. Elimination of hydrodynamic interactions between particles
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greatly simplifies these computations.
Hard-sphere dispersions have proven difficult to simulate due to the singu-
lar and discontinuous nature of the hard-sphere interparticle potential. Heyes
and Melrose [5]and Schaertl and Sillescu [11] independently developed a
method for simulation of hard spheres for measuring shear thinning and self-
diffusion, respectively. Brady and foss extended this method and obtained the
simulation results for hard sphere suspensions. We have extended this method
to include the non-spherical behavior of particles.
In the next section, Brownian Dynamics algorithm used in this work is ex-
plained and the method to determine the pairwise interparticle forces respon-
sible for the hard- sphere-like behavior is described. These interparticle forces
facilitates in calculation of instantaneous values of all components of the parti-
cle contribution to the bulk stress tensor. In Section 3 we present and discuss
the results of these simulations.
5.2 Simulation Methodology
For N rigid cubic particles suspended in an incompressible Newtonian fluid
of viscosity η and density ρ, the fluid motion is governed by the Navier-
Stokes equations, while the particle motion is described by the coupled N-body
Langevin equation:
m
dU
dt
= Fh + Fb + Fp (5.1)
I
dΩ
dt
= Th + Tb + Tp (5.2)
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Here Fh,Fb and Fp are the hydrodynamic, Brownian and interparticle forces act-
ing on each cube and Th,Tb and Tp are the corresponding torques on each cube.
m is the mass and I is the moment of inertia of the cube. Interaction between
cubes are considered as hard cubic interactions. The hydrodynamic particle-
particle interactions are neglected and the particle-fluid interactions give rise to
the net force and torque acting on an isolated cube in a shear flow field.
Fh = −R f (U− < U >) (5.3)
Th = −Rω(Ω − ω) (5.4)
< U > is the imposed shear flow at the center of the cube. For a linear shear flow
< U > = Γ˙.r Here Γ˙ is the velocity gradient tensor of the bulk flow. Ω is the net
angular velocity of the cube and ω is the applied vorticity at the center of the
cube. R f and Rω are the resistivity tensors to translation and the rotation of the
cube. The resistivities R f and Rω are calculated using finite element simulations
by imposing constant velocity field and constant rotational field around an iso-
lated cube respectively. The values of R f and Rω are found to be R f = 13.94aη
and Rω = 7.39a3η.
The Brownian forces are due to the thermal fluctuations of the cubic parti-
cles. When Reynolds number based on the cube size is small, for the shear flows
considered here, the cubic particles move in a force free and torque free environ-
ment. Due to the stochastic nature of particles, we assume that the correlation
time in the force and torque fluctuations are rapid compared to the particle re-
laxation time. Applying fluctuation-dissipation theorem, we have
< Fb > = < Tb >= 0 (5.5)
< Fb(0)Fb(t) > = 2kTR fδ(t) (5.6)
< Tb(0)Tb(t) > = 2kTRωδ(t) (5.7)
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Here the < . >denote the ensemble average of the interactions, k is the Boltzman
constant and T is the temperature.
Upon integrating the above equation over a time step ∆t larger than the in-
ertial relaxation time of the cubes but small compared with the time over which
the configuration changes, we get
r(t + ∆t) = r(t)+ < U > ∆t + ∆XtHC + X
t(∆t) (5.8)
n(t + ∆t) = (n(t) ×Ω)∆t (5.9)
m(t + ∆t) = (m(t) ×Ω)∆t (5.10)
p(t + ∆t) = (p(t) ×Ω)∆t (5.11)
Ω = ω +
∆XrHC
∆t
+
Xr(∆t)
∆t
(5.12)
∆XtHC =
Fp
R f
∆t (5.13)
∆XrHC =
(r × Fp)
Rω
∆t (5.14)
Here, r(t) is the position vector of the cube at time t, n(t),m(t),p(t) are the
three unit normals to the sides of the cube at time t. XtHC and X
r
HC are the trans-
lational and rotational displacements due to the inter-particle hard cube inter-
actions. Xt(t) and Xr(t) are the translational and rotational displacements of the
cube due to Brownian motion. Since the inter-particle hydrodynamic interac-
tions are neglected rotational motion is completely decoupled from the trans-
lational motion and Xt(t) and Xr(t) has zero mean and covariance given by the
corresponding short-time self diffusivities,
< Xt > = < Xr >= 0 (5.15)
< Xt(0)Xt(∆t) > = 2Dt∆tI (5.16)
< Xr(0)Xr(∆t) > = 2Dω∆tI (5.17)
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Dt and Dω are the tracer translational and rotational diffusivity of a cube,
given by Dt = kT/R f and Dω = kT/Rω
Non-dimensionalizing the above equations leads to
∆r¯ = Pe < U¯ > ∆t¯ + F¯p∆t¯ + X¯t(∆t¯) (5.18)
n(t + ∆t) = (n(t¯) × Ω¯)∆t¯ (5.19)
m(t + ∆t) = (m(t¯) × Ω¯)∆t¯ (5.20)
p(t + ∆t) = (p(t¯) × Ω¯)∆t¯ (5.21)
< X¯t > = 0 (5.22)
< X¯t(0)X¯t(∆t¯) > = 2∆t¯I (5.23)
Ω¯ = ω¯ +
Dω
Dt
(r¯ × F¯p)
∆t¯
+
Dω
Dt
X¯r(∆t¯)
∆t¯
(5.24)
< Xr > = 0 (5.25)
< Xr(0)Xr(∆t) > = 2∆t¯I (5.26)
Here ∆r is nondimensionalized by the characteristic particle size a; the time
by the diffusive time scale a2/Dt; the imposed velocity < U > by γ˙a, where γ˙
is the magnitude of the shear rate (γ˙ = |Γ˙|). The Peclet number, Pe = γ˙a2/Dt ,
measures the relative importance of shear and Brownian forces. We use periodic
boundary conditions for equilibrium suspensions and Lees-Edwards boundary
conditions for non-zero Pe.
In this work, we are interested in a monodisperse suspension of hard cubes.
The equations of motions described above are similar to that of spherical parti-
cles with rough surfaces which have tangential frictional collisional forces act-
ing on them. In this case, collisional torques are generated due to the frictional
forces, while collisional torques are generated due to their shape for cubic par-
ticles.
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We have modified the potential-free algorithm developed by Heyes and Mel-
rose (also used by Schaertl and Sillescu, Brady and Foss ) in which the Brown-
ian and affine displacements and rotations are made first. The simulation then
checks for particle overlaps and calculates the collision forces and torques based
on the degree of overlaps. In a single time step, cubic particles are initially trans-
lated and rotated based on the applied shear and Brownian motion. Overlap-
ping pairs of cubes are determined using perpendicular axis theorem. Any over-
lap between two cubes can either be edge-edge overlap or a corner-face overlap
and it depends on the relative orientation and the distance between cubes. The
direction, magnitude and the point of contact forces are then determined for
each pair. If the overlap is an edge-edge overlap, the direction of contact force is
perpendicular to the two overlapping edges, if the overlap is a corner-face over-
lap, the contact force is perpendicular to the face on which the overlap occurs. If
the time step used in the simulations is small, the minimum translating distance
required to unoverlap the two cubes will be along the direction for the contact
force. The point of application of force on the two cubes is determined from this
minimum translating vector. Since the contact force produces both translation
and rotation of the cube, the magnitude is iterated such that the net result of
application of force over the time step ∆t will rotate and translate the two cubes
to just unoverlap them. This procedure of application of contact forces retraces
their paths to the point of near contact for small ∆t. Since the contact forces that
are applied are pair-wise in nature, repeated application of contact forces over
all the particle pairs resolves almost all the overlaps. Similar procedure was
used to calculate the contact forces for slender rods[x3].
The bulk stress (σi j) in the medium is a combination of hydrodynamic
(σhi j)and collisional stresses (σ
c
i j) in the medium. Since we have neglected the
78
inter-particle hydrodynamic interactions, the hydrodynamic contribution to the
stress reduces to the first order volume fraction correction and the direct Brow-
nian contribution to the stress is zero without hydrodynamic interactions.σhi j =
−nkTδi j + 2ηEi j + nηi jklEkl). Therefore, the bulk stress in the medium is given by
σi j = −pδi j − nkTδi j + 2i j + n[ηi jkl]) < Ekl > −n < xiF pj > (5.27)
Here p is the pressure, n is the number of particle per unit volume, φ is the
volume fraction and xi is the inter-particle center to center distance. Here [ηi jkl]
is a forth order viscosity tensor given by given by
[ηi jkl] = 2.7(δikδ jl+δilδ jk− 23δi jδkl)+2.2(nin jnknl+mim jmkml+pip jpkpl−
1
3
δi jδkl) (5.28)
Therefore, interesting results are present in the collisional stresses Σi j = xiF
p
j
obtained from the simulations. Unlike collisions between spherical particles,
the contact forces produce torques on the particles. Therefore, cubic particle
have a finite angular velocity relative to the fluid which will result in an anti-
symmetric collisional stresses in the medium. Therefore Σi j can be written as
Σi j = Σ
sym
i j + Σ
anti−sym
i j (5.29)
Σ
anti−sym
i j = i jkRω(Ωk − ωk) (5.30)
The suspension viscosity due to collisional stresses relative to that of the solvent
is defined for simple shear flow from the xy-components of the bulk stress and
rate of strain
ηr =
Σ
sym
xy
2ηExy
(5.31)
One of the other important factors in the simulations is the value of the time
step ∆t. The magnitude of the non-dimensional time step is important in the
equation of motion for both low and high Pe. For any non-dimensional time
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step, ∆t, if Nc is the number of collisions that occur in each time step ∆t, the
ensemble average of the collisional stress is given by
< σ >=< Nc >< xFp > (5.32)
Here Fp and x are the contact forces and displacement vector between the two
particles in the collisions. The magnitude of the contact force Fp is proportional
to the overlapping distance between particles.The dominant contribution to this
distance is the Brownian displacement (scales as ∆t(1/2)) for low Pe and shear
displacement (scales as ∆t1) for high Pe. Therefore, the contact force Fp scales
as ∆t(1/2) for low Pe and ∆t1 for high Pe. The number of collisions per time
step (Nc) is related to the flux of the particles hitting its surface. The flux is
related to the relative velocity, which scales as ∆t(−1/2) for low Pe and ∆t(−1) for
high Pe. Therefore, the ensemble average of total collisional stress should be
independent of the value of ∆t used in the simulations, provided the number of
collisions per time step is small compared to the total number of particles.
Equilibrium osmotic pressure (Π = σxx+σyy+σzz3 ) is a convenient parameter to
calculate for various magnitudes of time step. Based on the scaling analysis,
it should be feasible to find a maximum value of ∆t below which, the osmotic
pressure remains almost constant. The dependence of osmotic pressure(Π) on
the magnitude of non-dimensionalized ∆t is plotted for 250 cubic particles at
volume fraction of 0.2(figure 5.1). It is clear that the value of osmotic pressure is
almost constant after ∆t = 10−5 a
2
Dt
. At this ∆t, the number of collisions per time
step (Nc) is 15. We chose appropriate values of ∆t by maintaining approximately
the same number of collisions per time step. We have verified that the osmotic
pressure remains approximately constant when the number of collisions per
time step Nc is less than or equal to 15 for φ = 0.45 with 250 cubic particles.
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We have also varied the number of cubic particles to study its dependence
of osmotic pressure at the same ∆t. As the number of particles increase, the
computational time needed to resolve the inter-cube collisions increases. Fur-
thermore, as the volume fraction increases, we would need more particles to
simulate bulk flow behavior. Figure 5.2 shows the variation of osmotic pressure
for 250 and 1000 particles over a range of volume fractions. It is clear from the
figure that the percentage change in the osmotic pressure is very small even at
higher volume fractions. Therefore all the simulations were carried out with 250
cubic particles in the system.
5.3 Results
A large number of simulations have been performed over a range of volume
fractions (φ = 0.1 to 0.4) and Peclet numbers (Pe = 0 to 10000). For equilibrium
suspensions, all the runs for volume fractions less than 0.2 were started from
a random configuration of particles. For higher volume fractions, they were
initialized with random orientation at φ = 0.2 and the particle size is slowly in-
creased by five percent and allowed to reach equilibrium before it is increased
further again. The procedure is repeated until we reach the desired volume frac-
tion. The system was allowed to reach equilibrium at the desired volume frac-
tion by running it for more than 100a2/Dt steps. For non-zero Peclet numbers,
simulations were started from the equilibrium configuration of cubic particles.
Many of the long runs were divided into statistically independent subintervals
in order to determine the statistical variation in the properties.The value of time
step used is ∆t = k∗max(1, Pe) here, ∆t is non-dimensionalized by a2/Dt. All sim-
ulations are for simple shear flow with the flow, velocity-gradient, and vorticity
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directions, respectively, along the three axes (x, y, z) of the cubic unit cell.
5.3.1 Equilibrium suspensions
The suspension microstructure plays an important role in determining the bulk
properties of the suspensions. Previously, equilibrium configuration of cubic
particles was studied using Monte Carlo simulations. It has been shown that
cubic particles exists in different phases based on the volume fraction of par-
ticles. For volume fractions(φ) lower than 0.45, they exist in isotropic phase
wherein, the cubes have no translational and rotational order. For φ > 0.52 and
< 0.74, they exist in cubatic phase. In this phase, cubes have rotational order
but no translational order. For φ > 0.74, cubes are in crystalline phase. In this
case, they have both translational and rotational order. φ > 0.45and < 0.52 is
a coexisting region between isotropic and cubatic phases. Using Brownian dy-
namics, the time required to reach equilibrium increases as the volume fraction
of cubes increases. Specifically, it is difficult to obtain phase transitions because
the particles get stuck in the glassy phase. Therefore, our study is restricted to
volume fractions less than 0.45.
The equilibrium pair probability distribution (g(r), r is the non-
dimensionalized distance) for cubic particles at various volume fractions is
shown in the figure 5.3. g(r) = 0 for r < 1 because r = 1 is the minimum sep-
aration distance between the cubes. As it is clear from the figure, the height
of the first peak position increases as the volume fraction increases. The posi-
tion of the peak decreases gradually with the volume fraction. As the volume
fraction increases, cubes tend to become translationally more layered, which is
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indicated by the enhancement in the second and third peaks. As the volume
fraction increases, the number of nearest neighbors increases which is indicated
by the area under the curve.
The osmotic pressure in a suspension is given by
Π = −1
3
(σxx + σyy + σzz) − nkT (5.33)
When nondimensionalized by nkT, the particle contribution to the suspension
pressure at equilibrium is equal to the collisional stress that arises from the xFp
term in governing equation. Figure 5.4 shows the equilibrium suspension pres-
sure as a function of volume fraction φ. These results have been plotted relative
to the Carnahan-Starling equation, valid for hard sphere suspensions. As it is
clear from the figure, the values of osmotic pressure for spheres is larger than
that of cubes at lower volume fractions. However, as the volume fraction in-
creases the osmotic pressure for cubes increases much more rapidly than spher-
ical particle suspensions. This is because, as the volume fraction increases the
number of nearest neighbors increases which would hinder the rotational free-
dom of cubes resulting in much more rapid increase in the osmotic pressure
compared to the spherical particles. As we approach φ = 0.5, the increase in the
osmotic pressure is attributed to the system reaching a phase transition region.
Comparisons are also made with the osmotic pressure of an inscribed sphere
and having hard sphere interactions. This will be the lower limit of osmotic
pressure for cubic particles. As it is clear from the figure 5.4, the value of os-
motic pressure for inscribed spheres is always less than that of cubic particles.
We have used the pair probability distribution of cubic particles at very low
concentrations to obtain the potential of mean force, which is then used as a
soft interaction potential between inscribed spheres. The pair probability distri-
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bution function at very low concentrations is initially calculated. It was fitted
with a sixth order polynomial function with the correct boundary conditions
(i.e g(r) = 0 when r = 1 and g(r) = 1 when r =
√
(3). The potential of mean
force U(r) is calculated as U(r) = −kT log(g(r)). Metropolis monte carlo simu-
lations were carried out to obtain the equilibrium configurations of spherical
particles interacting through the above mentioned soft potential at various vol-
ume fractions. The osmotic pressure for these soft spheres is then calculated
Π = 2pi3 n
2
∫ ∞
0
r3g(r) dUdr dr. Here n is the number of particles per unit volume.
In order to better understand the dependence of osmotic pressure of cu-
bic particles, we have compared it with the osmotic pressure for an inscribed
spheres interacting with the above mentioned soft potential. This method
preaverages the orientation dependence and approximates the cube as an in-
scribed sphere interacting with orientationally averaged soft potential. As it is
clear from the figure 5.4, at low volume fractions, the osmotic pressure for cubic
particles matches well with that of the inscribed spheres interacting through soft
potential. As the volume fraction increases, cubes start to lose their orientational
freedom, thereby resulting in the increase of osmotic pressure.
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Figure 5.1: Variation of Osmotic pressure with the size of the time step. As the
time step decreases, the value of osmotic pressure almost remains
constant
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Figure 5.2: Variation of Osmotic pressure with the volume fraction for 250 and
1000 cubic particles.
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The short-time translational self-diffusivity in the absence of hydrodynamic
interactions is the average instantaneous particle mobility. This is always equal
to Dt and does not vary with φ or Pe. The long-time translational self-diffusivity
is defined as
D∞t = lim
t→∞
1
2
d(r(t) − x(0))2
dt
(5.34)
These are calculated from mean-square displacement data evaluated during
the simulation runs. At each time step, the mean-square displacements are cal-
culated and is plotted with time. After long time, the mean-square displacement
increases linearly with time. The slope of this line gives the long time diffusiv-
ity. The variation of translational diffusivity with the volume fraction is plotted
in the figure 5.5. These results are compared with the translational diffusivities
of spherical particles without hydrodynamic interactions. We found that the
translational diffusivity for cubes and spheres are almost equal to each other.
In order to calculate the rotational diffusivity, we chose one of the normal
vectors as the principle director (pi). In a time step ∆t, if the director rotates to
another direction pi(t), we define a net rotational displacement vector δϕi as
δϕi = cos−1(pi(t).pi(0))i jkp j(t)pk(0) (5.35)
Thus the vector ϕi(t) =
∫ t
0
δϕi(x)dx defines the rotational trajectory of the particle.
We calculated the rotational diffusivity as
Dr = lim
t→∞
1
4t
< (ϕ(t) − ϕ(0))2 > (5.36)
It is important to note that ϕi(t) is not a unit vector. This results in the finite value
for the rotational diffusivity. Mazza et. al.. used similar procedure to calculate
the rotational diffusivity of water molecules. [12]
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The figure compares the values of osmotic pressure of cubic parti-
cles with that of equivalent spheres, inscribed spheres and inscribed
spheres interacting through soft potential
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Figure 5.5: Variation of translational diffusivity with the volume fraction of
cubes.
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When the non-dimensional rotational and translational diffusivities are plot-
ted on the same graph(figure 5.6), it is interesting to note that the rotational dif-
fusivity decays faster than the translational diffusivity. The particles reach cu-
batic phase when the rotational diffusivity is almost zero and the translational
diffusivity is still finite.
For non-zero Pe numbers, the anti-symmetric component of collisional
stresses is non-zero and is given by
Σ
anti−sym
i j = i jkRω(Ωk − ωk) (5.37)
The variation of the angular velocity relative to the fluid with the Pe is plot-
ted over a range of volume fractions. As it is clear from the figure 5.8 that the
angular velocity( |Ω|/|ω−1|) is almost constant with Pe and is only dependent on
the volume fraction. Figure below shows the plot of mean |Ω|/|ω − 1| as a func-
tion of volume fraction (φ). It is clear that the relative angular velocity increases
with the increase in volume fraction. This is due to the increase in the number of
collisions between the cubic particles. As they collide more, the collision torque
increases, as a result, relative angular velocity increases.
Zero shear viscosity is defined as the value of apparent viscosity in the limit
of zero shear rate. This can be calculated using both directly and indirectly. The
instantaneous stress at any time t is given by σ(t). For equilibrium suspensions,
the average value of σxy is zero. However, the shear stress autocorrelation func-
tion < σxy(0σxy(t)) > has a finite value which depends on the microstructure of
the suspension. The relaxation of these fluctuations is related to the zero shear
viscosity given by the Green-Kubo relationship.
η0 = η∞ +
V
kT
∫ ∞
0
< σxy(t)σxy(0) > dt (5.38)
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Here η∞ is the high frequency viscosity contribution. When hydrodynamic in-
teractions are neglected, the value of η∞ is equal to the first order correction to
the solvent viscosity η (1 + 3.1φ) . We have also calculated the zero shear vis-
cosity from the non-equilibrium suspensions. At low Pe, the suspensions were
found to be Newtonian with constant viscosity. In this case, the viscosity evalu-
ated at Pe =0.03 was considered as the zero shear viscosity of the medium.
Figure 5.9 shows the variation of zero shear viscosity with the volume frac-
tion of cubic particles. Zero shear viscosity data for Brownian hard spherical
particles was taken from Brady and Foss[10]. Zero shear viscosity for a suspen-
sion of cubes is marginally larger than the corresponding value for spherical
particles at low volume fractions. However, when the volume fraction increases
cubes were found to have a higher viscosity. Since cubic particles slowly lose
their orientational freedom as the volume fraction increases, the system takes
longer time to relax when compared with spherical particles.
5.3.2 Variation of viscosity at with Pe
Figure 5.10 shows results for the suspension viscosity as a function of Pe over
a range of volume fraction between 0.1 to 0.4. The curves show shear thinning
behavior that is characteristic of any Brownian suspensions. We have also com-
pared the data with the corresponding viscosities for spheres. It is interesting to
note that in the case of spherical particles, there is a abrupt drop in the viscosity
at around Pe = 100. This matches with the structural transition from layered
structure to a more ordered string phase. For cubic particles, viscosity is shear-
thinning gradually and unlike spherical particles, we do not notice any sudden
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drop in the viscosity. We have also found that the cubic particles do not phase
transition to a string like structure and will always remain in a layered struc-
ture. This could be due to the fact that the rotating cubic particles will not allow
them to reach a more ordered phase due to increase in the number of collisions
between adjacent cubes.
The first and the second normal stress differences are given by
N1 = < σxx > − < σyy > (5.39)
N2 = < σyy > − < σzz > (5.40)
The normal stress differences normalized by ηγ˙ is plotted in the figure shown
below. Both the normal stress difference decrease at low Pe and then remains
constant.
5.4 Conclusions
Brownian dynamic simulations interactions for hard cubic particles in a suspen-
sion were carried out to understand stresses in the medium for both equilibrium
and sheared suspensions. These numerical simulations include contact stresses
developed between two randomly oriented cubes colliding with each other. Cu-
bic particles can be assumed as spheres interaction with a soft potential, which
produces the same probability distribution as cube at very low volume frac-
tions. The rotational diffusivity for cubes decreases much more faster than the
translational diffusivity. As the volume fraction increases, we may expect to see
zero rotational diffusivity and non-zero translation diffusivity. This will hap-
pen when particles enter into cubatic phase. Further study needs to be carried
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out to verify this result. The translational diffusivity for cubes is lower than the
translational diffusivity for spheres. The edges and corners hinder the motion
of cubic particles in isotropic phase which leads to lesser translational diffusiv-
ity. We also find that the zero shear viscosity for cubic particles is slightly larger
than that of spherical particles and the difference between their viscosities in-
creases as the volume fraction increases.
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Figure 5.6: Comparison of rotational and translational diffusivity with the vol-
ume fraction of cubes.
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Figure 5.10: The plot shows the variation of collision contribution to the sus-
pension viscosity with the Peclet number. At low volumes, we see
a zero shear viscosity regime which matches well with the results
obtained from Green-Kubo relationship
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Figure 5.11: Comparison of collision contribution to viscosities for a suspension
of spheres and cubes. At high shear rates, unlike spheres there is
no sudden drop in the viscosity for cubic particle suspensions
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Figure 5.12: Comparison of snap shots of particle locations for spheres and
cubes. The size of the particles was deliberately decrease for conve-
nience
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Figure 5.13: Non-dimensionalized first normal stress difference as a function of
Pe and the volume fraction
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Figure 5.14: Non-dimensionalized second normal stress difference as a function
of Pe and the volume fraction
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CHAPTER 6
CUBIC PARTICLES IN SUSPENSIONS: SYNTHESIS AND RHEOLOGY
6.1 Introduction
Nanoparticles with a spectrum of sizes, shapes, mass distributions (e.g. hollow,
rattle-type, coreshell particles), and compositions are today routinely synthe-
sized by a growing set of techniques involving wet chemtistry: solgel, solvother-
mal, ionothermal, and soft and hard templating approaches, to name a few
[1, 2, 3, 4, 5]. It is now possible to synthesize nanoparticles of a specific shape
and size in bulk quantities. It has been shown using theory and simulations that
the shape plays an important role in the structure and rheology of the suspen-
sions. The goal of this chapter is to measure the rheological properties of cubic
particles in suspensions and compare these results with the theoretical results.
Suspension of spherical particles were also prepared to compare them with sus-
pension of cubic particles. This chapter is divided into two sections. The first
section describes the procedures followed to synthesize cubic particles of de-
sired sizes and chemistries. These particles are characterized to understand the
kind of interactions that exists between particles. The second section deals with
the measurement and analysis of rheological properties of the cubic suspen-
sions. We then make a critical comparison between the results obtained from
theory and experiments to gain more insights into the rheological properties.
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6.2 Synthesis of cubic particles
Currently, cube shaped nanoparticles can be synthesized using many com-
pounds, including but not limited to cobalt oxide(Co3O4), silver, gold, lead sul-
fide, sodium magnesium fluoride and copper sulfide [6, 7, 8, 9, 10, 11]. Most
of the techniques used either use soft template method or sacrificial template
method. Soft template method uses liquids or gases (medium) as templates
while reactants act as templates in the sacrificial template method.
We have synthesized four different types of cubic particles: 1) Lead telluride
nanocubes (PbTe, 10 nm) 2) Iron oxide nanocubes (Fe3O4, 20 nm) 3) Iron oxide
nanocubes (Fe3O4, 100 nm) and 4) Manganese carbonate microcubes (MnCO3,
5.3 µm). Manganese carbonate microspheres (MnCO3, 4.8µm were also synthe-
sized using the procedures described in the literature [12, 13, 14, 15]. Synthesis
procedures and characterization of these particles is briefly described below.
Unless otherwise stated, all the chemicals were purchased from Sigma-Aldrich
and were used as received.
In order to synthesize PbTe nanocubes, 0.5 mmol of lead acetate trihydrate
(99.99%), 1.0 mL of oleic acid (90%), and 10 mL of oleylamine (70%) were loaded
into a 50 ml three-neck round-bottom flask equipped with a condenser. The
mixture was then degassed by bubbling argon gas into the flask for an hour.
The solution mixture was heated to 200 C with vigorous stirring. Once a clear
light-yellow solution was formed, 0.5 mL of 1.0 M Tellirium in triocylphosphine
(90%) was pre-pared and was rapidly injected into the system. The reaction was
then stopped 1 min after the injection by quickly transferring the container to
an ice bath. The synthesized nanocubes were isolated by precipitating them
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from the reaction system using ethyl alcohol (200 proof) followed by repeated
centrifugation. Standard size-selection post-treatment using a pair- solvent mix-
ture of ethyl alcohol and anhydrous hexane (98.5%) to obtain PbTe nanocubes
with narrow size distribution.
This approach leads to PbTe nanocubes with a mean side length of 10 nm.
The images from transmission electron microscope shown in figure 6.1. These
nanoparticles have very high surface areas and so they are covered with short
oligomer chains to provide steric stabilization.
Fe3O4 nanocubes of size 20 nm were synthesized by mixing 0.5 mmol of
Iron(III) acetyl acetonate Fe(acac)3, 4 mmol of 1,2- hexadecandiol, 8 mmol of
oleic acid, 2 mmol of oleyl amine, and 10 ml of benzyl ether was heated in a
100ml three neck flask. Initially, the solution mixture was degassed by bubbling
Argon has into the mixture at 110C for about an hour. The temperature was then
raised to 200C and maintained at this temperature for 30 minutes. The solution
mixture was then heated to about 290C at a heating rate of 15C per minute.
The temperature of the mixture was then maintained at this temperature for
one hour. The solution mixture was then cooled down to room temperature,
and the synthesize nanocubes were purifed by repeated centrifugation using
ethanol.
During this reaction, oleic acid acts as a capping agent, since it binds itself
to selective surface of the crystal. This is because the surface energies of facets
differ from each other. As a result the nucleation growth is non-isotropic and
leads to various shaped based on the binding preferences of oleic acid. By care-
fully controlling the temperature and the time of the reaction, which controls the
nucleation and the growth dynamics, we can obtain narrowly dispersed cubic
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particles.
The transmission electron microscope images are show in the figure 6.1.
These particles also have short chain oleic acid chains attached on the surface.
We have also synthesized cubic particles with polyethylene glycol chains at-
tached on the surface by replacing the attached oleic acid chains with poly ethy-
lene glycol trimethoxy silane (MW: 250). In the reaction, about 0.1 gms of puri-
fied oleic acid capped cubic particles were dispersed in 100 ml chloroform and
about 0.2 gms of polyethylene glycol trimethoxy silane was added to the solu-
tion. The mixture was then heated at 40C, with closed cap for about 7 hours.
The resultant mixture was then purified using repeated centrifugation to obtain
poly ethylene glycol capped nanocubes.
100 nm Fe3O4 nanocubes are a soft ferrimagnetic particles, which were syn-
thesized by mixing iron(III) acetylacetonate (0.71 g), oleic acid (1.13 g) and ben-
zyl ether (10.4 g) in a 100 ml three neck flask. The mixture solution was degassed
at room temperature for one hour using Argon gas. The solution mixture was
then heated to 290 C at the rate 20 C/min under vigorous magnetic stirring. The
reaction mixture was maintained at this temperature for thirty minutes. After
cooling to room temperature, the solution was then centrifuged using a mix-
ture of toluene and hexane to precipitate the Fe3O4 nanocubes. The separated
precipitate was washed repeatedly using chloroform and hexane.
Both manganese carbonate cubes and spheres were synthesized using a sim-
ple mixing method. To synthesize cubic particles, 1 mmol of manganese sulfate
and 10 mmols of ammonium sulfate were dissolved in 70 ml water. Also, 10
mmols of ammonium hydrogen carbonate was also dissolved in 70 ml of wa-
ter in a separate beaker. About 7 ml of ethanol was added to the manganese
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sulfate solution. The two solutions were mixed and aged for 7 hours in water
bath maintained at 50C. The product obtained was separated using repeated
centrifugation with water and ethanol. The final product was vacuum dried to
get the desired microcubes.
Manganese carbonate microspheres were synthesized using a similar proce-
dure. 1 mmol of manganese sulfate and 10 mmols of ammonium hydrogen car-
bonate were separately dissolved in 70 ml of water each. About 7 ml of ethanol
was added to manganese sulfate solution. The two solutions were mixed at
room temperature and the reaction was allowed for 3 hours. Microspheres were
obtained by repeated centrifugation with water and ethanol.
The transmission electron microscope images for both spheres and cubes are
shown below. Density is one of the important parameters which needs to be
accurately calculated, since density is needed to convert weight fractions to vol-
ume fractions. We have used Anton-paar densitymeter to calculate its density
of PbTe and Fe3O4 cubes. Known weight fractions of the PbTe particles were
dispersed in chloroform and the overall density of the solution was measured.
Assuming that there are no interactions between the solvent and the particles,
the mixing is considered as an ideal mixing. Therefore ρ1V1 +ρ2V2 = ρe f f (V1 +V2).
Here ρ1 and ρ2 are the densities of PbTe particles and chloroform respectively.
V1 and V2 are the volumes of PbTe and chloroform respectively. Since, we know
the density of chloroform and the density of dispersed solution ρe f f , we use
the above mentioned relation to calculate the density of the particles. Using
this procedure, the densities of PbTe (10 nm cubes) , Fe3O4 (20 nm cubes) and
Fe3O4 (100 nm cubes) were found to be 6.6 gm/cc, 3.7 gm/cc and 4.1 gm/cc
respectively. We have used 1ml and 5 ml pycnometer to measure the density of
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manganese carbonate particles. We found that the density of microcubes is 3.2
gm/cc while for micospheres, the density is 3.0 gm/cc.
6.3 Rheological measurements for the suspensions of cubic
nanoparticles
Polyethylene glycol (PEG) with molecular weight 400 was used as a suspending
medium for Fe3O4 nanoparticles while PEG (MW 2000) was used for manganese
carbonate particles. PEG is a clear liquid at room temperature which shows
Newtonian behavior. Suspensions were made over a large range of volume
fractions to study the variation of viscosity with the volume fraction. Anton-
Paar MCR 501 rheometer was used to measure the viscosity of the suspensions.
We have used cone-plate geometry with cone diameter 25 mm and 1o cone an-
gle at 30C for both MnCO3 cubes and spheres. The viscosities were measured
between shear rate of 10s−1 and 100 s−1. At these shear rates, the Pe ranges from
103 to 104.
The table below shows the various kinds of interaction forces that exists in
these suspensions. They are all non-dimensionalized with respect to the viscous
forces
Table 6.1: Comparison of interaction forces with respect to the viscous forces
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Description PbTe cubes
(10nm)
Fe3O4
cubes
(20nm)
Fe3O4
cubes
(100nm)
MnCO3
cubes
(5.4µm)
MnCO3
spheres
(4.8µm)
Vanderwaals
force (without
retardation)
0.07/Pe <
F < 0.66/Pe
0.07/Pe <
F < 0.66/Pe
0.07/Pe <
F < 0.66/Pe
0.07/Pe <
F < 0.66/Pe
0.07/Pe <
F < 0.66/Pe
Buoyancy 10−3/Pe 0.009/Pe 1.1/Pe 75/Pe 66/Pe
Magnetic force - O(10)/Pe O(500)/Pe - -
Shear rate for
Pe = 1
103s−1 125s−1 1s−1 10−7s−1 8 ∗ 10−6s−1
PbTe nanocubes are the most ideal hard cubic particles to study rheology.
However, very small yields of the product limits the study to very dilute con-
centrations. Also, because of very small size of PbTe particles, it is difficult to
reach high Pe. The magnetic interaction forces for iron oxide nanocubes are
calculated by measuring the variation of magnetic moment with the applied
magnetic field. The hysteresis loops for these two particles are clearly visible in
the figure 6.2. It is clear that, even when there is no applied magnetic field, these
nanoparticles may have non-zero magnetic moments which leads to magnetic
interactions between the particles. These forces are large that they tend to form
clusters at equilibrium. We would need to go to high Pe to start breaking these
clusters. The rheology of these suspensions will mask the properties specific to
the cube shape. As expected, (figure 6.3) the rheology of Fe3O4 cubic nanopar-
ticle suspensions shows shear thinning behavior even at very low volume frac-
tions. The viscosity of the suspension decreases as the clusters breakdown with
the increase in shear. Manganese carbonate particles will sediment down in the
suspension due to large buoyancy forces. We had over come this problem by
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carrying out measurements at high Pe so that the particles are resuspended due
to applied shear. We have assumed that manganese carbonate cubic particles as
the hard cubes due to ease of synthesizing this product in required quantities.
Manganese carbonate microspheres are similar in size and identical in chem-
istry. They were used to make comparisons between the rheological properties
of spheres and cubes experimentally.
For MnCO3 particles, Newtonian behavior is observed for all volume frac-
tions less than 0.3. For volume fractions below 0.18, we have used quadratic
fit for the variation of relative viscosity with the volume fraction as shown in
the figure 6.4. Since the measured intrinsic viscosity, which is the first order
correction was found to be 3.02 ± 0.329 which is very close to the theoretical
prediction, we have fixed the first order coefficient as 3.1 and the φ2 coefficient
was calculated. This value was found to be 6.54 (shown in the figure 6.5). This
is very close to 6.3, which is the φ2 coefficient for Brownian spherical particles as
calculated by Batchelor. The measurements were compared with the high shear
viscosity results from Brownian dynamics simulations. Since, inter-particle hy-
drodynamic interactions were not considered, Brownian dynamics simulations
regularly underestimates thevalue of relative viscosity.
Figure 6.6 below compares the viscosity for the suspension of manganese
carbonate spheres with the cubes. We find that the viscosity for cubic particles is
marginally higher than that of spherical particles at low volume fractions which
is consistent with the Brownian dynamics simulation results. As the volume
fraction increases, the difference between the viscosity for cubes and spheres
appears to be increasing. Further study needs to be carried out to ascertain this
trend.
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6.4 Conclusions
This chapter addresses the synthesis and characterization of cubic particles. We
have synthesized cubic particles of varying sizes (10nm to 5 micron sized cubes)
and chemistries (PbTe,Fe3O4, and MnCO3). Comparison of all the interparti-
cle interactions was carried out. Manganese carbonate cubes and spheres were
found to be ideal to study the rheology. Measurements were carried out at high
Pe and Newtonian behavior was observed. The variation in the viscosity for
manganese carbonate cubic particles was compared with both Brownian dy-
namics simulation results and with rheological measurements of manganese
carbonate spheres. It was found that the results from the Brownian dynam-
ics regularly underestimate the viscosity of the medium. This may be because
hydrodynamic interactions were not considered in the Brownian dynamics sim-
ulations. The viscosities for cubic suspensions was observed to be marginally
higher than spherical particle suspensions. Further study at higher volume frac-
tions needs to be carried this effect.
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Figure 6.1: TEM images of (a) PbTe nanocubes 10 n, (b)Fe3O4 nanocubes- 20nm
(c) Fe3O4 nanocubes- 100nm (d) MnCO3 microcubes MnCO3 mi-
crocubes 5.4 µm (e) MnCO3 microcubes MnCO3 microspheres 4.8µm
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Figure 6.2: Variation of magnetic moment with applied magnetic field for Iron
oxide nanoparticles (20 nm) and 100nm. The plot shows a hysteresis
loop, indicating that the particles have a non-zero magnetic moment
when there is no applied magnetic field. This leads to large mag-
netic interactions between particles. As a result, cubes tend to form
clusters for low to moderate volume fractions
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Figure 6.3: Relative viscosity as a function of volume fraction for the suspension
of iron oxide nanoparticles (100nm). These materials show shear
thinning behavior due to the breakdown of clusters with higher
shear rates.
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Figure 6.7: Flow curves for the suspension of manganese carbonate microcubes
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